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VF = -F
HD = -F
pHA = -q = -F/b
pIB = -q = -F/b
pGH = -q = -F/b
θHA = -θ = -αT/b = -bF/EJ

uH = -δ = -b3F/EJ
EJAB = EJ
EJBC = EJ
EJCD = EJ
EJDE = EJ
EJEF = EJ

EJFG = EJ
EJGH = EJ
EJGI = EJ
EJIB = EJ
EJIE = EJ
EJHA = EJ

Reazioni iperstatiche in soluzione:  X=VH

Carichi e deformazioni date hanno verso efficace in disegno.
Calcolare reazioni vincolari della struttura e delle aste.
Tracciare i diagrammi quotati delle azioni interne nelle aste.
Carichi di aste curve misurati in proiezione sugli assi x,y.
JYZ - xYZ - θYZ  riferimento locale asta YZ con origine in Y.
Curvatura θ asta HA positiva se convessa a destra con inizio H.
Spostamento orizzontale assoluto u imposto al nodo H.
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Quadro contributi PLV per iperstatica X=VH

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -2b+x -3/2Fb+Fx 0 3Fb2-7/2Fbx+Fx2 0 4b2-4bx+x2

(19/12+0)Fb3/EJ 7/3Xb3/EJ
BA b b+x 1/2Fb+Fx 0 1/2Fb2+3/2Fbx+Fx2 0 b2+2bx+x2

BC b -b+x 0 0 0 0 b2-2bx+x2

0+0 1/3Xb3/EJ
CB b x 0 0 0 0 x2

CD b 0 0 0 0 0 0
0+0 0

DC b 0 0 0 0 0 0

DE b 0 Fx 0 0 0 0
0+0 0

ED b 0 -Fb+Fx 0 0 0 0

EF b 0 Fb-Fx 0 0 0 0
0+0 0

FE b 0 -Fx 0 0 0 0

FG b 0 0 0 0 0 0
0+0 0

GF b 0 0 0 0 0 0

GH b 0 -2Fx-1/2qx2 0 0 0 0
0+0 0

HG b 0 5/2Fb-3Fx+1/2qx2 0 0 0 0

GI √2b 0 0 0 0 0 0 0 0

IB b 0 Fx-1/2qx2 0 0 0 0
0+0 0

BI b 0 -1/2Fb+1/2qx2 0 0 0 0

IE √2b 0 0 0 0 0 0 0 0

HA b -2x -5/2Fb+3/2Fx-1/2qx2 -Fb/EJ 5Fbx-3Fx2+qx3 2Fxb/EJ 4x2

(7/4+1)Fb3/EJ 4/3Xb3/EJ
AH b 2b-2x 3/2Fb+1/2Fx+1/2qx2 Fb/EJ 3Fb2-2Fbx-qx3 2Fb2/EJ-2Fxb/EJ 4b2-8bx+4x2

H cedimento nodo -H1HuH -2Fb3/EJ

totali 7/3Fb3/EJ 4Xb3/EJ

iperstatica X=VH -7/12F
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b(4 -4 x/b + x2/b2 ) b2 1/EJ dx = [4 x -2 x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -2 b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
BA = ∫

o

b(1 +2 x/b + x2/b2 ) b2 1/EJ dx = [ x + x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b + b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
BC = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
CB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
HA = ∫

o

b(4 x2/b2 ) b2 1/EJ dx = [4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXX
AH = ∫

o

b(4 -8 x/b +4 x2/b2 ) b2 1/EJ dx = [4 x -4 x2/b +4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -4 b +4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXo
AB = ∫

o

b(3 -7/2 x/b + x2/b2 ) Fb2 1/EJ dx = [3 x -7/4 x2/b +1/3 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (3 b -7/4 b +1/3 b ) Fb2 1/EJ  = 19/12  Fb3/EJ

LXo
BA = ∫

o

b(1/2 +3/2 x/b + x2/b2 ) Fb2 1/EJ dx = [1/2 x +3/4 x2/b +1/3 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/2 b +3/4 b +1/3 b ) Fb2 1/EJ  = 19/12  Fb3/EJ

LXo
HA = ∫

o

b(5 x/b -3 x2/b2 + x3/b3 ) Fb2 1/EJ dx +  ∫
o

b(2 x/b ) θ  dx

        = [5/2 x2/b - x3/b2 +1/4 x4/b3 ]
o

b
 Fb2 1/EJ  + [ x2/b ]

o

b
 θ  

        = (5/2 b - b +1/4 b ) Fb2 1/EJ  + ( b ) θ   = 11/4  Fb3/EJ

LXo
AH = ∫

o

b(3 -2 x/b - x3/b3 ) Fb2 1/EJ dx +  ∫
o

b(-2 +2 x/b ) θ  dx

        = [3 x - x2/b -1/4 x4/b3 ]
o

b
 Fb2 1/EJ  + [-2 x + x2/b ]

o

b
 θ  

        = (3 b - b -1/4 b ) Fb2 1/EJ  + (-2 b + b ) θ   = 11/4  Fb3/EJ
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VF = -F
HD = -F
pHA = -q = -F/b
pIB = -q = -F/b
qEF = -q = -F/b
θFG = -θ = -αT/b = -bF/EJ

uH = -δ = -b3F/EJ
EJAB = EJ
EJBC = EJ
EJCD = EJ
EJDE = EJ
EJEF = EJ

EJFG = EJ
EJGH = EJ
EJGI = EJ
EJIB = EJ
EJIE = EJ
EJHA = EJ

Reazioni iperstatiche in soluzione:  X=VH

Carichi e deformazioni date hanno verso efficace in disegno.
Calcolare reazioni vincolari della struttura e delle aste.
Tracciare i diagrammi quotati delle azioni interne nelle aste.
Carichi di aste curve misurati in proiezione sugli assi x,y.
JYZ - xYZ - θYZ  riferimento locale asta YZ con origine in Y.
Curvatura θ asta FG positiva se convessa a destra con inizio F.
Spostamento orizzontale assoluto u imposto al nodo H.
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ESΣ04.xxxx.015PROCEDIMENTO E RISULTATI 995596

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Quadro contributi PLV per iperstatica X=VH

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -2b+x -3/2Fb+Fx 0 3Fb2-7/2Fbx+Fx2 0 4b2-4bx+x2

(19/12+0)Fb3/EJ 7/3Xb3/EJ
BA b b+x 1/2Fb+Fx 0 1/2Fb2+3/2Fbx+Fx2 0 b2+2bx+x2

BC b -b+x 0 0 0 0 b2-2bx+x2

0+0 1/3Xb3/EJ
CB b x 0 0 0 0 x2

CD b 0 1/4Fx 0 0 0 0
0+0 0

DC b 0 -1/4Fb+1/4Fx 0 0 0 0

DE b 0 1/4Fb+5/4Fx 0 0 0 0
0+0 0

ED b 0 -3/2Fb+5/4Fx 0 0 0 0

EF b 0 3/2Fb-2Fx+1/2qx2 0 0 0 0
0+0 0

FE b 0 -Fx-1/2qx2 0 0 0 0

FG b 0 0 -Fb/EJ 0 0 0
0+0 0

GF b 0 0 Fb/EJ 0 0 0

GH b 0 -9/4Fx 0 0 0 0
0+0 0

HG b 0 9/4Fb-9/4Fx 0 0 0 0

GI √2b 0 0 0 0 0 0 0 0

IB b 0 Fx-1/2qx2 0 0 0 0
0+0 0

BI b 0 -1/2Fb+1/2qx2 0 0 0 0

IE √2b 0 0 0 0 0 0 0 0

HA b -2x -9/4Fb+5/4Fx-1/2qx2 0 9/2Fbx-5/2Fx2+qx3 0 4x2

(5/3+0)Fb3/EJ 4/3Xb3/EJ
AH b 2b-2x 3/2Fb+1/4Fx+1/2qx2 0 3Fb2-5/2Fbx+1/2Fx2-qx3 0 4b2-8bx+4x2

H cedimento nodo -H1HuH -2Fb3/EJ

totali 5/4Fb3/EJ 4Xb3/EJ

iperstatica X=VH -5/16F

ESΣ04.xxxx.015PROCEDIMENTO E RISULTATI 995596

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b(4 -4 x/b + x2/b2 ) b2 1/EJ dx = [4 x -2 x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -2 b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
BA = ∫

o

b(1 +2 x/b + x2/b2 ) b2 1/EJ dx = [ x + x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b + b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
BC = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
CB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
HA = ∫

o

b(4 x2/b2 ) b2 1/EJ dx = [4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXX
AH = ∫

o

b(4 -8 x/b +4 x2/b2 ) b2 1/EJ dx = [4 x -4 x2/b +4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -4 b +4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXo
AB = ∫

o

b(3 -7/2 x/b + x2/b2 ) Fb2 1/EJ dx = [3 x -7/4 x2/b +1/3 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (3 b -7/4 b +1/3 b ) Fb2 1/EJ  = 19/12  Fb3/EJ

LXo
BA = ∫

o

b(1/2 +3/2 x/b + x2/b2 ) Fb2 1/EJ dx = [1/2 x +3/4 x2/b +1/3 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/2 b +3/4 b +1/3 b ) Fb2 1/EJ  = 19/12  Fb3/EJ

LXo
HA = ∫

o

b(9/2 x/b -5/2 x2/b2 + x3/b3 ) Fb2 1/EJ dx = [9/4 x2/b -5/6 x3/b2 +1/4 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (9/4 b -5/6 b +1/4 b ) Fb2 1/EJ  = 5/3  Fb3/EJ

LXo
AH = ∫

o

b(3 -5/2 x/b +1/2 x2/b2 - x3/b3 ) Fb2 1/EJ dx = [3 x -5/4 x2/b +1/6 x3/b2 -1/4 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (3 b -5/4 b +1/6 b -1/4 b ) Fb2 1/EJ  = 5/3  Fb3/EJ

ESΣ04.xxxx.015

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25
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VF = -F
HD = -F
pHA = -q = -F/b
pIB = -q = -F/b
pCD = -q = -F/b
θDE = -θ = -αT/b = -bF/EJ

uH = -δ = -b3F/EJ
EJAB = EJ
EJBC = EJ
EJCD = EJ
EJDE = EJ
EJEF = EJ

EJFG = EJ
EJGH = EJ
EJGI = EJ
EJIB = EJ
EJIE = EJ
EJHA = EJ

Reazioni iperstatiche in soluzione:  X=VH

Carichi e deformazioni date hanno verso efficace in disegno.
Calcolare reazioni vincolari della struttura e delle aste.
Tracciare i diagrammi quotati delle azioni interne nelle aste.
Carichi di aste curve misurati in proiezione sugli assi x,y.
JYZ - xYZ - θYZ  riferimento locale asta YZ con origine in Y.
Curvatura θ asta DE positiva se convessa a destra con inizio D.
Spostamento orizzontale assoluto u imposto al nodo H.

ESΣ04.xxxx.027REAZIONI 238395

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25
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ESΣ04.xxxx.027PROCEDIMENTO E RISULTATI 238395

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Quadro contributi PLV per iperstatica X=VH

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -2b+x -3/2Fb+Fx 0 3Fb2-7/2Fbx+Fx2 0 4b2-4bx+x2

(19/12+0)Fb3/EJ 7/3Xb3/EJ
BA b b+x 1/2Fb+Fx 0 1/2Fb2+3/2Fbx+Fx2 0 b2+2bx+x2

BC b -b+x 0 0 0 0 b2-2bx+x2

0+0 1/3Xb3/EJ
CB b x 0 0 0 0 x2

CD b 0 -3/4Fx+1/2qx2 0 0 0 0
0+0 0

DC b 0 1/4Fb+1/4Fx-1/2qx2 0 0 0 0

DE b 0 -1/4Fb+5/4Fx -Fb/EJ 0 0 0
0+0 0

ED b 0 -Fb+5/4Fx Fb/EJ 0 0 0

EF b 0 Fb-Fx 0 0 0 0
0+0 0

FE b 0 -Fx 0 0 0 0

FG b 0 0 0 0 0 0
0+0 0

GF b 0 0 0 0 0 0

GH b 0 -9/4Fx 0 0 0 0
0+0 0

HG b 0 9/4Fb-9/4Fx 0 0 0 0

GI √2b 0 0 0 0 0 0 0 0

IB b 0 Fx-1/2qx2 0 0 0 0
0+0 0

BI b 0 -1/2Fb+1/2qx2 0 0 0 0

IE √2b 0 0 0 0 0 0 0 0

HA b -2x -9/4Fb+5/4Fx-1/2qx2 0 9/2Fbx-5/2Fx2+qx3 0 4x2

(5/3+0)Fb3/EJ 4/3Xb3/EJ
AH b 2b-2x 3/2Fb+1/4Fx+1/2qx2 0 3Fb2-5/2Fbx+1/2Fx2-qx3 0 4b2-8bx+4x2

H cedimento nodo -H1HuH -2Fb3/EJ

totali 5/4Fb3/EJ 4Xb3/EJ

iperstatica X=VH -5/16F

ESΣ04.xxxx.027PROCEDIMENTO E RISULTATI 238395

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Sviluppi di calcolo iperstatica



ESΣ04.xxxx.027PROCEDIMENTO E RISULTATI 238395

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

LXX
AB = ∫

o

b(4 -4 x/b + x2/b2 ) b2 1/EJ dx = [4 x -2 x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -2 b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
BA = ∫

o

b(1 +2 x/b + x2/b2 ) b2 1/EJ dx = [ x + x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b + b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
BC = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
CB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
HA = ∫

o

b(4 x2/b2 ) b2 1/EJ dx = [4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXX
AH = ∫

o

b(4 -8 x/b +4 x2/b2 ) b2 1/EJ dx = [4 x -4 x2/b +4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -4 b +4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXo
AB = ∫

o

b(3 -7/2 x/b + x2/b2 ) Fb2 1/EJ dx = [3 x -7/4 x2/b +1/3 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (3 b -7/4 b +1/3 b ) Fb2 1/EJ  = 19/12  Fb3/EJ

LXo
BA = ∫

o

b(1/2 +3/2 x/b + x2/b2 ) Fb2 1/EJ dx = [1/2 x +3/4 x2/b +1/3 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/2 b +3/4 b +1/3 b ) Fb2 1/EJ  = 19/12  Fb3/EJ

LXo
HA = ∫

o

b(9/2 x/b -5/2 x2/b2 + x3/b3 ) Fb2 1/EJ dx = [9/4 x2/b -5/6 x3/b2 +1/4 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (9/4 b -5/6 b +1/4 b ) Fb2 1/EJ  = 5/3  Fb3/EJ

LXo
AH = ∫

o

b(3 -5/2 x/b +1/2 x2/b2 - x3/b3 ) Fb2 1/EJ dx = [3 x -5/4 x2/b +1/6 x3/b2 -1/4 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (3 b -5/4 b +1/6 b -1/4 b ) Fb2 1/EJ  = 5/3  Fb3/EJ

ESΣ04.xxxx.027

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25
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ESΣ04.xxxx.036PROCEDIMENTO E RISULTATI 309819

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Quadro contributi PLV per iperstatica X=VH

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -2b+x -5/2Fb+2Fx 0 5Fb2-13/2Fbx+2Fx2 0 4b2-4bx+x2

(29/12+0)Fb3/EJ 7/3Xb3/EJ
BA b b+x 1/2Fb+2Fx 0 1/2Fb2+5/2Fbx+2Fx2 0 b2+2bx+x2

BC b -b+x 0 0 0 0 b2-2bx+x2

0+0 1/3Xb3/EJ
CB b x 0 0 0 0 x2

CD b 0 0 0 0 0 0
0+0 0

DC b 0 0 0 0 0 0

DE b 0 Fx 0 0 0 0
0+0 0

ED b 0 -Fb+Fx 0 0 0 0

EF b 0 Fb-Fx 0 0 0 0
0+0 0

FE b 0 -Fx 0 0 0 0

FG b 0 0 0 0 0 0
0+0 0

GF b 0 0 0 0 0 0

GH b 0 -3Fx 0 0 0 0
0+0 0

HG b 0 3Fb-3Fx 0 0 0 0

GI √2b 0 0 -Fb/EJ 0 0 0 0 0

IB b 0 Fx-1/2qx2 0 0 0 0
0+0 0

BI b 0 -1/2Fb+1/2qx2 0 0 0 0

IE √2b 0 -√2/2Fx+1/2qx2 0 0 0 0 0 0

HA b -2x -3Fb+Fx-1/2qx2 0 6Fbx-2Fx2+qx3 0 4x2

(31/12+0)Fb3/EJ 4/3Xb3/EJ
AH b 2b-2x 5/2Fb+1/2qx2 0 5Fb2-5Fbx+Fx2-qx3 0 4b2-8bx+4x2

H cedimento nodo -H1HuH -2Fb3/EJ

totali 3Fb3/EJ 4Xb3/EJ

iperstatica X=VH -3/4F

ESΣ04.xxxx.036PROCEDIMENTO E RISULTATI 309819

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Sviluppi di calcolo iperstatica



ESΣ04.xxxx.036PROCEDIMENTO E RISULTATI 309819

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

LXX
AB = ∫

o

b(4 -4 x/b + x2/b2 ) b2 1/EJ dx = [4 x -2 x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -2 b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
BA = ∫

o

b(1 +2 x/b + x2/b2 ) b2 1/EJ dx = [ x + x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b + b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
BC = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
CB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
HA = ∫

o

b(4 x2/b2 ) b2 1/EJ dx = [4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXX
AH = ∫

o

b(4 -8 x/b +4 x2/b2 ) b2 1/EJ dx = [4 x -4 x2/b +4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -4 b +4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXo
AB = ∫

o

b(5 -13/2 x/b +2 x2/b2 ) Fb2 1/EJ dx = [5 x -13/4 x2/b +2/3 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (5 b -13/4 b +2/3 b ) Fb2 1/EJ  = 29/12  Fb3/EJ

LXo
BA = ∫

o

b(1/2 +5/2 x/b +2 x2/b2 ) Fb2 1/EJ dx = [1/2 x +5/4 x2/b +2/3 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/2 b +5/4 b +2/3 b ) Fb2 1/EJ  = 29/12  Fb3/EJ

LXo
HA = ∫

o

b(6 x/b -2 x2/b2 + x3/b3 ) Fb2 1/EJ dx = [3 x2/b -2/3 x3/b2 +1/4 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (3 b -2/3 b +1/4 b ) Fb2 1/EJ  = 31/12  Fb3/EJ

LXo
AH = ∫

o

b(5 -5 x/b + x2/b2 - x3/b3 ) Fb2 1/EJ dx = [5 x -5/2 x2/b +1/3 x3/b2 -1/4 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (5 b -5/2 b +1/3 b -1/4 b ) Fb2 1/EJ  = 31/12  Fb3/EJ

ESΣ04.xxxx.036

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25
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ESΣ04.xxxx.044PROCEDIMENTO E RISULTATI 236422

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Quadro contributi PLV per iperstatica X=VH

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -2b+x -5/2Fb+2Fx 0 5Fb2-13/2Fbx+2Fx2 0 4b2-4bx+x2

(29/12+0)Fb3/EJ 7/3Xb3/EJ
BA b b+x 1/2Fb+2Fx 0 1/2Fb2+5/2Fbx+2Fx2 0 b2+2bx+x2

BC b -b+x 0 0 0 0 b2-2bx+x2

0+0 1/3Xb3/EJ
CB b x 0 0 0 0 x2

CD b 0 0 -Fb/EJ 0 0 0
0+0 0

DC b 0 0 Fb/EJ 0 0 0

DE b 0 Fx 0 0 0 0
0+0 0

ED b 0 -Fb+Fx 0 0 0 0

EF b 0 Fb-Fx 0 0 0 0
0+0 0

FE b 0 -Fx 0 0 0 0

FG b 0 0 0 0 0 0
0+0 0

GF b 0 0 0 0 0 0

GH b 0 -3Fx 0 0 0 0
0+0 0

HG b 0 3Fb-3Fx 0 0 0 0

GI √2b 0 0 0 0 0 0 0 0

IB b 0 Fx-1/2qx2 0 0 0 0
0+0 0

BI b 0 -1/2Fb+1/2qx2 0 0 0 0

IE √2b 0 -√2/2Fx+1/2qx2 0 0 0 0 0 0

HA b -2x -3Fb+Fx-1/2qx2 0 6Fbx-2Fx2+qx3 0 4x2

(31/12+0)Fb3/EJ 4/3Xb3/EJ
AH b 2b-2x 5/2Fb+1/2qx2 0 5Fb2-5Fbx+Fx2-qx3 0 4b2-8bx+4x2

H cedimento nodo -H1HuH -2Fb3/EJ

totali 3Fb3/EJ 4Xb3/EJ

iperstatica X=VH -3/4F

ESΣ04.xxxx.044PROCEDIMENTO E RISULTATI 236422

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Sviluppi di calcolo iperstatica
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@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

LXX
AB = ∫

o

b(4 -4 x/b + x2/b2 ) b2 1/EJ dx = [4 x -2 x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -2 b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
BA = ∫

o

b(1 +2 x/b + x2/b2 ) b2 1/EJ dx = [ x + x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b + b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
BC = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
CB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
HA = ∫

o

b(4 x2/b2 ) b2 1/EJ dx = [4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXX
AH = ∫

o

b(4 -8 x/b +4 x2/b2 ) b2 1/EJ dx = [4 x -4 x2/b +4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -4 b +4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXo
AB = ∫

o

b(5 -13/2 x/b +2 x2/b2 ) Fb2 1/EJ dx = [5 x -13/4 x2/b +2/3 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (5 b -13/4 b +2/3 b ) Fb2 1/EJ  = 29/12  Fb3/EJ

LXo
BA = ∫

o

b(1/2 +5/2 x/b +2 x2/b2 ) Fb2 1/EJ dx = [1/2 x +5/4 x2/b +2/3 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/2 b +5/4 b +2/3 b ) Fb2 1/EJ  = 29/12  Fb3/EJ

LXo
HA = ∫

o

b(6 x/b -2 x2/b2 + x3/b3 ) Fb2 1/EJ dx = [3 x2/b -2/3 x3/b2 +1/4 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (3 b -2/3 b +1/4 b ) Fb2 1/EJ  = 31/12  Fb3/EJ

LXo
AH = ∫

o

b(5 -5 x/b + x2/b2 - x3/b3 ) Fb2 1/EJ dx = [5 x -5/2 x2/b +1/3 x3/b2 -1/4 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (5 b -5/2 b +1/3 b -1/4 b ) Fb2 1/EJ  = 31/12  Fb3/EJ

ESΣ04.xxxx.044

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25
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ESΣ04.xxxx.053PROCEDIMENTO E RISULTATI 238485

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Quadro contributi PLV per iperstatica X=VH

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -2b+x -1/2Fb+Fx 0 Fb2-5/2Fbx+Fx2 0 4b2-4bx+x2

(1/12+0)Fb3/EJ 7/3Xb3/EJ
BA b b+x -1/2Fb+Fx 0 -1/2Fb2+1/2Fbx+Fx2 0 b2+2bx+x2

BC b -b+x Fb-Fx 0 -Fb2+2Fbx-Fx2 0 b2-2bx+x2

(-1/3+0)Fb3/EJ 1/3Xb3/EJ
CB b x -Fx 0 -Fx2 0 x2

CD b 0 0 0 0 0 0
0+0 0

DC b 0 0 0 0 0 0

DE b 0 Fx 0 0 0 0
0+0 0

ED b 0 -Fb+Fx 0 0 0 0

EF b 0 Fb-Fx 0 0 0 0
0+0 0

FE b 0 -Fx 0 0 0 0

FG b 0 0 0 0 0 0
0+0 0

GF b 0 0 0 0 0 0

GH b 0 -3Fx -Fb/EJ 0 0 0
0+0 0

HG b 0 3Fb-3Fx Fb/EJ 0 0 0

GI √2b 0 √2/2Fx-1/2qx2 0 0 0 0 0 0

IB b 0 Fx-1/2qx2 0 0 0 0
0+0 0

BI b 0 -1/2Fb+1/2qx2 0 0 0 0

IE √2b 0 0 0 0 0 0 0 0

HA b -2x -3Fb+3Fx-1/2qx2 0 6Fbx-6Fx2+qx3 0 4x2

(5/4+0)Fb3/EJ 4/3Xb3/EJ
AH b 2b-2x 1/2Fb+2Fx+1/2qx2 0 Fb2+3Fbx-3Fx2-qx3 0 4b2-8bx+4x2

H cedimento nodo -H1HuH -2Fb3/EJ

totali -Fb3/EJ 4Xb3/EJ

iperstatica X=VH 1/4F

ESΣ04.xxxx.053PROCEDIMENTO E RISULTATI 238485

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Sviluppi di calcolo iperstatica



ESΣ04.xxxx.053PROCEDIMENTO E RISULTATI 238485

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

LXX
AB = ∫

o

b(4 -4 x/b + x2/b2 ) b2 1/EJ dx = [4 x -2 x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -2 b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
BA = ∫

o

b(1 +2 x/b + x2/b2 ) b2 1/EJ dx = [ x + x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b + b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
BC = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
CB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
HA = ∫

o

b(4 x2/b2 ) b2 1/EJ dx = [4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXX
AH = ∫

o

b(4 -8 x/b +4 x2/b2 ) b2 1/EJ dx = [4 x -4 x2/b +4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -4 b +4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXo
AB = ∫

o

b(1 -5/2 x/b + x2/b2 ) Fb2 1/EJ dx = [ x -5/4 x2/b +1/3 x3/b2 ]
o

b
 Fb2 1/EJ 

        = ( b -5/4 b +1/3 b ) Fb2 1/EJ  = 1/12  Fb3/EJ

LXo
BA = ∫

o

b(-1/2 +1/2 x/b + x2/b2 ) Fb2 1/EJ dx = [-1/2 x +1/4 x2/b +1/3 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-1/2 b +1/4 b +1/3 b ) Fb2 1/EJ  = 1/12  Fb3/EJ

LXo
BC = ∫

o

b(-1 +2 x/b - x2/b2 ) Fb2 1/EJ dx = [- x + x2/b -1/3 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (- b + b -1/3 b ) Fb2 1/EJ  = -1/3  Fb3/EJ

LXo
CB = ∫

o

b(- x2/b2 ) Fb2 1/EJ dx = [-1/3 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-1/3 b ) Fb2 1/EJ  = -1/3  Fb3/EJ

LXo
HA = ∫

o

b(6 x/b -6 x2/b2 + x3/b3 ) Fb2 1/EJ dx = [3 x2/b -2 x3/b2 +1/4 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (3 b -2 b +1/4 b ) Fb2 1/EJ  = 5/4  Fb3/EJ

LXo
AH = ∫

o

b(1 +3 x/b -3 x2/b2 - x3/b3 ) Fb2 1/EJ dx = [ x +3/2 x2/b - x3/b2 -1/4 x4/b3 ]
o

b
 Fb2 1/EJ 

        = ( b +3/2 b - b -1/4 b ) Fb2 1/EJ  = 5/4  Fb3/EJ

ESΣ04.xxxx.053

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25
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y,v,V,q

x,u,H,p

b

b

ϕ,W b b

A B C

D

E

F

G

H
I

F

F

q

qq

VF = -F
HD = -F
pHA = -q = -F/b
pIB = -q = -F/b
qFG = -q = -F/b
θEF = -θ = -αT/b = -bF/EJ

uH = -δ = -b3F/EJ
EJAB = EJ
EJBC = EJ
EJCD = EJ
EJDE = EJ
EJEF = EJ

EJFG = EJ
EJGH = EJ
EJGI = EJ
EJIB = EJ
EJIE = EJ
EJHA = EJ

Reazioni iperstatiche in soluzione:  X=VH

Carichi e deformazioni date hanno verso efficace in disegno.
Calcolare reazioni vincolari della struttura e delle aste.
Tracciare i diagrammi quotati delle azioni interne nelle aste.
Carichi di aste curve misurati in proiezione sugli assi x,y.
JYZ - xYZ - θYZ  riferimento locale asta YZ con origine in Y.
Curvatura θ asta EF positiva se convessa a destra con inizio E.
Spostamento orizzontale assoluto u imposto al nodo H.

ESΣ04.xxxx.065REAZIONI 238072

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25
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Quadro contributi PLV per iperstatica X=VH

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -2b+x -1/2Fb+1/2Fx 0 Fb2-3/2Fbx+1/2Fx2 0 4b2-4bx+x2

(5/12+0)Fb3/EJ 7/3Xb3/EJ
BA b b+x 1/2Fx 0 1/2Fbx+1/2Fx2 0 b2+2bx+x2

BC b -b+x 1/2Fb-1/2Fx 0 -1/2Fb2+Fbx-1/2Fx2 0 b2-2bx+x2

(-1/6+0)Fb3/EJ 1/3Xb3/EJ
CB b x -1/2Fx 0 -1/2Fx2 0 x2

CD b 0 1/4Fx 0 0 0 0
0+0 0

DC b 0 -1/4Fb+1/4Fx 0 0 0 0

DE b 0 1/4Fb+5/4Fx 0 0 0 0
0+0 0

ED b 0 -3/2Fb+5/4Fx 0 0 0 0

EF b 0 3/2Fb-3/2Fx -Fb/EJ 0 0 0
0+0 0

FE b 0 -3/2Fx Fb/EJ 0 0 0

FG b 0 -1/2Fx+1/2qx2 0 0 0 0
0+0 0

GF b 0 1/2Fx-1/2qx2 0 0 0 0

GH b 0 -9/4Fx 0 0 0 0
0+0 0

HG b 0 9/4Fb-9/4Fx 0 0 0 0

GI √2b 0 0 0 0 0 0 0 0

IB b 0 Fx-1/2qx2 0 0 0 0
0+0 0

BI b 0 -1/2Fb+1/2qx2 0 0 0 0

IE √2b 0 0 0 0 0 0 0 0

HA b -2x -9/4Fb+9/4Fx-1/2qx2 0 9/2Fbx-9/2Fx2+qx3 0 4x2

(1+0)Fb3/EJ 4/3Xb3/EJ
AH b 2b-2x 1/2Fb+5/4Fx+1/2qx2 0 Fb2+3/2Fbx-3/2Fx2-qx3 0 4b2-8bx+4x2

H cedimento nodo -H1HuH -2Fb3/EJ

totali -3/4Fb3/EJ 4Xb3/EJ

iperstatica X=VH 3/16F

ESΣ04.xxxx.065PROCEDIMENTO E RISULTATI 238072

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b(4 -4 x/b + x2/b2 ) b2 1/EJ dx = [4 x -2 x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -2 b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
BA = ∫

o

b(1 +2 x/b + x2/b2 ) b2 1/EJ dx = [ x + x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b + b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
BC = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
CB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
HA = ∫

o

b(4 x2/b2 ) b2 1/EJ dx = [4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXX
AH = ∫

o

b(4 -8 x/b +4 x2/b2 ) b2 1/EJ dx = [4 x -4 x2/b +4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -4 b +4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXo
AB = ∫

o

b(1 -3/2 x/b +1/2 x2/b2 ) Fb2 1/EJ dx = [ x -3/4 x2/b +1/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = ( b -3/4 b +1/6 b ) Fb2 1/EJ  = 5/12  Fb3/EJ

LXo
BA = ∫

o

b(1/2 x/b +1/2 x2/b2 ) Fb2 1/EJ dx = [1/4 x2/b +1/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/4 b +1/6 b ) Fb2 1/EJ  = 5/12  Fb3/EJ

LXo
BC = ∫

o

b(-1/2 + x/b -1/2 x2/b2 ) Fb2 1/EJ dx = [-1/2 x +1/2 x2/b -1/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-1/2 b +1/2 b -1/6 b ) Fb2 1/EJ  = -1/6  Fb3/EJ

LXo
CB = ∫

o

b(-1/2 x2/b2 ) Fb2 1/EJ dx = [-1/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-1/6 b ) Fb2 1/EJ  = -1/6  Fb3/EJ

LXo
HA = ∫

o

b(9/2 x/b -9/2 x2/b2 + x3/b3 ) Fb2 1/EJ dx = [9/4 x2/b -3/2 x3/b2 +1/4 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (9/4 b -3/2 b +1/4 b ) Fb2 1/EJ  =   Fb3/EJ

LXo
AH = ∫

o

b(1 +3/2 x/b -3/2 x2/b2 - x3/b3 ) Fb2 1/EJ dx = [ x +3/4 x2/b -1/2 x3/b2 -1/4 x4/b3 ]
o

b
 Fb2 1/EJ 

        = ( b +3/4 b -1/2 b -1/4 b ) Fb2 1/EJ  =   Fb3/EJ

ESΣ04.xxxx.065

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25
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y,v,V,q

x,u,H,p

b

b

ϕ,W b b

A B C

D

E

F

G

H
I

F

F

q

qq

VF = -F
HD = -F
pHA = -q = -F/b
pGH = -q = -F/b
pIB = -q = -F/b
θAB = -θ = -αT/b = -bF/EJ

uH = -δ = -b3F/EJ
EJAB = EJ
EJBC = EJ
EJCD = EJ
EJDE = EJ
EJEF = EJ

EJFG = EJ
EJGH = EJ
EJGI = EJ
EJIB = EJ
EJIE = EJ
EJHA = EJ

Reazioni iperstatiche in soluzione:  X=VH

Carichi e deformazioni date hanno verso efficace in disegno.
Calcolare reazioni vincolari della struttura e delle aste.
Tracciare i diagrammi quotati delle azioni interne nelle aste.
Carichi di aste curve misurati in proiezione sugli assi x,y.
JYZ - xYZ - θYZ  riferimento locale asta YZ con origine in Y.
Curvatura θ asta AB positiva se convessa a destra con inizio A.
Spostamento orizzontale assoluto u imposto al nodo H.

ESΣ04.xxxx.067REAZIONI 280947

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25
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ESΣ04.xxxx.067PROCEDIMENTO E RISULTATI 280947

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Quadro contributi PLV per iperstatica X=VH

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -2b+x -3/2Fb+Fx -Fb/EJ 3Fb2-7/2Fbx+Fx2 2Fb2/EJ-Fxb/EJ 4b2-4bx+x2

(19/12+3/2)Fb3/EJ 7/3Xb3/EJ
BA b b+x 1/2Fb+Fx Fb/EJ 1/2Fb2+3/2Fbx+Fx2 Fb2/EJ+Fxb/EJ b2+2bx+x2

BC b -b+x 0 0 0 0 b2-2bx+x2

0+0 1/3Xb3/EJ
CB b x 0 0 0 0 x2

CD b 0 0 0 0 0 0
0+0 0

DC b 0 0 0 0 0 0

DE b 0 Fx 0 0 0 0
0+0 0

ED b 0 -Fb+Fx 0 0 0 0

EF b 0 Fb-Fx 0 0 0 0
0+0 0

FE b 0 -Fx 0 0 0 0

FG b 0 0 0 0 0 0
0+0 0

GF b 0 0 0 0 0 0

GH b 0 -2Fx-1/2qx2 0 0 0 0
0+0 0

HG b 0 5/2Fb-3Fx+1/2qx2 0 0 0 0

GI √2b 0 0 0 0 0 0 0 0

IB b 0 Fx-1/2qx2 0 0 0 0
0+0 0

BI b 0 -1/2Fb+1/2qx2 0 0 0 0

IE √2b 0 0 0 0 0 0 0 0

HA b -2x -5/2Fb+3/2Fx-1/2qx2 0 5Fbx-3Fx2+qx3 0 4x2

(7/4+0)Fb3/EJ 4/3Xb3/EJ
AH b 2b-2x 3/2Fb+1/2Fx+1/2qx2 0 3Fb2-2Fbx-qx3 0 4b2-8bx+4x2

H cedimento nodo -H1HuH -2Fb3/EJ

totali 17/6Fb3/EJ 4Xb3/EJ

iperstatica X=VH -17/24F

ESΣ04.xxxx.067PROCEDIMENTO E RISULTATI 280947

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Sviluppi di calcolo iperstatica



ESΣ04.xxxx.067PROCEDIMENTO E RISULTATI 280947
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LXX
AB = ∫

o

b(4 -4 x/b + x2/b2 ) b2 1/EJ dx = [4 x -2 x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -2 b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
BA = ∫

o

b(1 +2 x/b + x2/b2 ) b2 1/EJ dx = [ x + x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b + b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
BC = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
CB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
HA = ∫

o

b(4 x2/b2 ) b2 1/EJ dx = [4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXX
AH = ∫

o

b(4 -8 x/b +4 x2/b2 ) b2 1/EJ dx = [4 x -4 x2/b +4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -4 b +4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXo
AB = ∫

o

b(3 -7/2 x/b + x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(2 - x/b ) θ  dx

        = [3 x -7/4 x2/b +1/3 x3/b2 ]
o

b
 Fb2 1/EJ  + [2 x -1/2 x2/b ]

o

b
 θ  

        = (3 b -7/4 b +1/3 b ) Fb2 1/EJ  + (2 b -1/2 b ) θ   = 37/12  Fb3/EJ

LXo
BA = ∫

o

b(1/2 +3/2 x/b + x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(-1 - x/b ) θ  dx

        = [1/2 x +3/4 x2/b +1/3 x3/b2 ]
o

b
 Fb2 1/EJ  + [- x -1/2 x2/b ]

o

b
 θ  

        = (1/2 b +3/4 b +1/3 b ) Fb2 1/EJ  + (- b -1/2 b ) θ   = 37/12  Fb3/EJ

LXo
HA = ∫

o

b(5 x/b -3 x2/b2 + x3/b3 ) Fb2 1/EJ dx = [5/2 x2/b - x3/b2 +1/4 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (5/2 b - b +1/4 b ) Fb2 1/EJ  = 7/4  Fb3/EJ

LXo
AH = ∫

o

b(3 -2 x/b - x3/b3 ) Fb2 1/EJ dx = [3 x - x2/b -1/4 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (3 b - b -1/4 b ) Fb2 1/EJ  = 7/4  Fb3/EJ

ESΣ04.xxxx.067

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25
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y,v,V,q
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ϕ,W b b
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q

VF = -F
HD = -F
pHA = -q = -F/b
pGH = -q = -F/b
qEF = -q = -F/b
θHA = -θ = -αT/b = -bF/EJ

uH = -δ = -b3F/EJ
EJAB = EJ
EJBC = EJ
EJCD = EJ
EJDE = EJ
EJEF = EJ

EJFG = EJ
EJGH = EJ
EJGI = EJ
EJIB = EJ
EJIE = EJ
EJHA = EJ

Reazioni iperstatiche in soluzione:  X=VH

Carichi e deformazioni date hanno verso efficace in disegno.
Calcolare reazioni vincolari della struttura e delle aste.
Tracciare i diagrammi quotati delle azioni interne nelle aste.
Carichi di aste curve misurati in proiezione sugli assi x,y.
JYZ - xYZ - θYZ  riferimento locale asta YZ con origine in Y.
Curvatura θ asta HA positiva se convessa a destra con inizio H.
Spostamento orizzontale assoluto u imposto al nodo H.

ESΣ04.xxxx.084REAZIONI 236427

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25
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@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Quadro contributi PLV per iperstatica X=VH

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -2b+x 0 0 0 0 4b2-4bx+x2

0+0 7/3Xb3/EJ
BA b b+x 0 0 0 0 b2+2bx+x2

BC b -b+x 0 0 0 0 b2-2bx+x2

0+0 1/3Xb3/EJ
CB b x 0 0 0 0 x2

CD b 0 1/4Fx 0 0 0 0
0+0 0

DC b 0 -1/4Fb+1/4Fx 0 0 0 0

DE b 0 1/4Fb+5/4Fx 0 0 0 0
0+0 0

ED b 0 -3/2Fb+5/4Fx 0 0 0 0

EF b 0 3/2Fb-2Fx+1/2qx2 0 0 0 0
0+0 0

FE b 0 -Fx-1/2qx2 0 0 0 0

FG b 0 0 0 0 0 0
0+0 0

GF b 0 0 0 0 0 0

GH b 0 -5/4Fx-1/2qx2 0 0 0 0
0+0 0

HG b 0 7/4Fb-9/4Fx+1/2qx2 0 0 0 0

GI √2b 0 0 0 0 0 0 0 0

IB b 0 0 0 0 0 0
0+0 0

BI b 0 0 0 0 0 0

IE √2b 0 0 0 0 0 0 0 0

HA b -2x -7/4Fb+9/4Fx-1/2qx2 -Fb/EJ 7/2Fbx-9/2Fx2+qx3 2Fxb/EJ 4x2

(1/2+1)Fb3/EJ 4/3Xb3/EJ
AH b 2b-2x 5/4Fx+1/2qx2 Fb/EJ 5/2Fbx-3/2Fx2-qx3 2Fb2/EJ-2Fxb/EJ 4b2-8bx+4x2

H cedimento nodo -H1HuH -2Fb3/EJ

totali -1/2Fb3/EJ 4Xb3/EJ

iperstatica X=VH 1/8F

ESΣ04.xxxx.084PROCEDIMENTO E RISULTATI 236427

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Sviluppi di calcolo iperstatica
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@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

LXX
AB = ∫

o

b(4 -4 x/b + x2/b2 ) b2 1/EJ dx = [4 x -2 x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -2 b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
BA = ∫

o

b(1 +2 x/b + x2/b2 ) b2 1/EJ dx = [ x + x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b + b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
BC = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
CB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
HA = ∫

o

b(4 x2/b2 ) b2 1/EJ dx = [4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXX
AH = ∫

o

b(4 -8 x/b +4 x2/b2 ) b2 1/EJ dx = [4 x -4 x2/b +4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -4 b +4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXo
HA = ∫

o

b(7/2 x/b -9/2 x2/b2 + x3/b3 ) Fb2 1/EJ dx +  ∫
o

b(2 x/b ) θ  dx

        = [7/4 x2/b -3/2 x3/b2 +1/4 x4/b3 ]
o

b
 Fb2 1/EJ  + [ x2/b ]

o

b
 θ  

        = (7/4 b -3/2 b +1/4 b ) Fb2 1/EJ  + ( b ) θ   = 3/2  Fb3/EJ

LXo
AH = ∫

o

b(5/2 x/b -3/2 x2/b2 - x3/b3 ) Fb2 1/EJ dx +  ∫
o

b(-2 +2 x/b ) θ  dx

        = [5/4 x2/b -1/2 x3/b2 -1/4 x4/b3 ]
o

b
 Fb2 1/EJ  + [-2 x + x2/b ]

o

b
 θ  

        = (5/4 b -1/2 b -1/4 b ) Fb2 1/EJ  + (-2 b + b ) θ   = 3/2  Fb3/EJ

ESΣ04.xxxx.084

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25
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y,v,V,q

x,u,H,p

b

b

ϕ,W b b

A B C

D

E

F

G

H
I

F

F

q

q
q

VF = -F
HD = -F
pHA = -q = -F/b
pGH = -q = -F/b
pCD = -q = -F/b
θGI = -θ = -αT/b = -bF/EJ

uH = -δ = -b3F/EJ
EJAB = EJ
EJBC = EJ
EJCD = EJ
EJDE = EJ
EJEF = EJ

EJFG = EJ
EJGH = EJ
EJGI = EJ
EJIB = EJ
EJIE = EJ
EJHA = EJ

Reazioni iperstatiche in soluzione:  X=HC

Carichi e deformazioni date hanno verso efficace in disegno.
Calcolare reazioni vincolari della struttura e delle aste.
Tracciare i diagrammi quotati delle azioni interne nelle aste.
Carichi di aste curve misurati in proiezione sugli assi x,y.
JYZ - xYZ - θYZ  riferimento locale asta YZ con origine in Y.
Curvatura θ asta GI positiva se convessa a destra con inizio G.
Spostamento orizzontale assoluto u imposto al nodo H.

ESΣ04.xxxx.091REAZIONI 210287

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25
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ESΣ04.xxxx.091PROCEDIMENTO E RISULTATI 210287

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Quadro contributi PLV per iperstatica X=HC

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -b+1/2x -1/2Fb+1/4Fx 0 1/2Fb2-1/2Fbx+1/8Fx2 0 b2-bx+1/4x2

(7/24+0)Fb3/EJ 7/12Xb3/EJ
BA b 1/2b+1/2x 1/4Fb+1/4Fx 0 1/8Fb2+1/4Fbx+1/8Fx2 0 1/4b2+1/2bx+1/4x2

BC b -1/2b+1/2x -1/4Fb+1/4Fx 0 1/8Fb2-1/4Fbx+1/8Fx2 0 1/4b2-1/2bx+1/4x2

(1/24+0)Fb3/EJ 1/12Xb3/EJ
CB b 1/2x 1/4Fx 0 1/8Fx2 0 1/4x2

CD b 0 -3/4Fx+1/2qx2 0 0 0 0
0+0 0

DC b 0 1/4Fb+1/4Fx-1/2qx2 0 0 0 0

DE b 0 -1/4Fb+5/4Fx 0 0 0 0
0+0 0

ED b 0 -Fb+5/4Fx 0 0 0 0

EF b 0 Fb-Fx 0 0 0 0
0+0 0

FE b 0 -Fx 0 0 0 0

FG b 0 0 0 0 0 0
0+0 0

GF b 0 0 0 0 0 0

GH b 0 -5/4Fx-1/2qx2 0 0 0 0
0+0 0

HG b 0 7/4Fb-9/4Fx+1/2qx2 0 0 0 0

GI √2b 0 0 -Fb/EJ 0 0 0 0 0

IB b 0 0 0 0 0 0
0+0 0

BI b 0 0 0 0 0 0

IE √2b 0 0 0 0 0 0 0 0

HA b -x -7/4Fb+7/4Fx-1/2qx2 0 7/4Fbx-7/4Fx2+1/2qx3 0 x2

(5/12+0)Fb3/EJ 1/3Xb3/EJ
AH b b-x 1/2Fb+3/4Fx+1/2qx2 0 1/2Fb2+1/4Fbx-1/4Fx2-1/2qx3 0 b2-2bx+x2

H cedimento nodo -H1HuH -Fb3/EJ

totali -1/4Fb3/EJ Xb3/EJ

iperstatica X=HC 1/4F

ESΣ04.xxxx.091PROCEDIMENTO E RISULTATI 210287

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Sviluppi di calcolo iperstatica



ESΣ04.xxxx.091PROCEDIMENTO E RISULTATI 210287

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

LXX
AB = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
BA = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
BC = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
CB = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
HA = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
AH = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXo
AB = ∫

o

b(1/2 -1/2 x/b +1/8 x2/b2 ) Fb2 1/EJ dx = [1/2 x -1/4 x2/b +1/24 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/2 b -1/4 b +1/24 b ) Fb2 1/EJ  = 7/24  Fb3/EJ

LXo
BA = ∫

o

b(1/8 +1/4 x/b +1/8 x2/b2 ) Fb2 1/EJ dx = [1/8 x +1/8 x2/b +1/24 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/8 b +1/8 b +1/24 b ) Fb2 1/EJ  = 7/24  Fb3/EJ

LXo
BC = ∫

o

b(1/8 -1/4 x/b +1/8 x2/b2 ) Fb2 1/EJ dx = [1/8 x -1/8 x2/b +1/24 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/8 b -1/8 b +1/24 b ) Fb2 1/EJ  = 1/24  Fb3/EJ

LXo
CB = ∫

o

b(1/8 x2/b2 ) Fb2 1/EJ dx = [1/24 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/24 b ) Fb2 1/EJ  = 1/24  Fb3/EJ

LXo
HA = ∫

o

b(7/4 x/b -7/4 x2/b2 +1/2 x3/b3 ) Fb2 1/EJ dx = [7/8 x2/b -7/12 x3/b2 +1/8 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (7/8 b -7/12 b +1/8 b ) Fb2 1/EJ  = 5/12  Fb3/EJ

LXo
AH = ∫

o

b(1/2 +1/4 x/b -1/4 x2/b2 -1/2 x3/b3 ) Fb2 1/EJ dx

        = [1/2 x +1/8 x2/b -1/12 x3/b2 -1/8 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (1/2 b +1/8 b -1/12 b -1/8 b ) Fb2 1/EJ  = 5/12  Fb3/EJ

ESΣ04.xxxx.091

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25
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y,v,V,q

x,u,H,p

b

b

ϕ,W b b

A B C

D
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F

q

q
q

VF = -F
HD = -F
pHA = -q = -F/b
pGH = -q = -F/b
pCD = -q = -F/b
θIB = -θ = -αT/b = -bF/EJ

uH = -δ = -b3F/EJ
EJAB = EJ
EJBC = EJ
EJCD = EJ
EJDE = EJ
EJEF = EJ

EJFG = EJ
EJGH = EJ
EJGI = EJ
EJIB = EJ
EJIE = EJ
EJHA = EJ

Reazioni iperstatiche in soluzione:  X=HC

Carichi e deformazioni date hanno verso efficace in disegno.
Calcolare reazioni vincolari della struttura e delle aste.
Tracciare i diagrammi quotati delle azioni interne nelle aste.
Carichi di aste curve misurati in proiezione sugli assi x,y.
JYZ - xYZ - θYZ  riferimento locale asta YZ con origine in Y.
Curvatura θ asta IB positiva se convessa a destra con inizio I.
Spostamento orizzontale assoluto u imposto al nodo H.

ESΣ04.xxxx.096REAZIONI 955615

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25
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Quadro contributi PLV per iperstatica X=HC

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -b+1/2x -1/2Fb+1/4Fx 0 1/2Fb2-1/2Fbx+1/8Fx2 0 b2-bx+1/4x2

(7/24+0)Fb3/EJ 7/12Xb3/EJ
BA b 1/2b+1/2x 1/4Fb+1/4Fx 0 1/8Fb2+1/4Fbx+1/8Fx2 0 1/4b2+1/2bx+1/4x2

BC b -1/2b+1/2x -1/4Fb+1/4Fx 0 1/8Fb2-1/4Fbx+1/8Fx2 0 1/4b2-1/2bx+1/4x2

(1/24+0)Fb3/EJ 1/12Xb3/EJ
CB b 1/2x 1/4Fx 0 1/8Fx2 0 1/4x2

CD b 0 -3/4Fx+1/2qx2 0 0 0 0
0+0 0

DC b 0 1/4Fb+1/4Fx-1/2qx2 0 0 0 0

DE b 0 -1/4Fb+5/4Fx 0 0 0 0
0+0 0

ED b 0 -Fb+5/4Fx 0 0 0 0

EF b 0 Fb-Fx 0 0 0 0
0+0 0

FE b 0 -Fx 0 0 0 0

FG b 0 0 0 0 0 0
0+0 0

GF b 0 0 0 0 0 0

GH b 0 -5/4Fx-1/2qx2 0 0 0 0
0+0 0

HG b 0 7/4Fb-9/4Fx+1/2qx2 0 0 0 0

GI √2b 0 0 0 0 0 0 0 0

IB b 0 0 -Fb/EJ 0 0 0
0+0 0

BI b 0 0 Fb/EJ 0 0 0

IE √2b 0 0 0 0 0 0 0 0

HA b -x -7/4Fb+7/4Fx-1/2qx2 0 7/4Fbx-7/4Fx2+1/2qx3 0 x2

(5/12+0)Fb3/EJ 1/3Xb3/EJ
AH b b-x 1/2Fb+3/4Fx+1/2qx2 0 1/2Fb2+1/4Fbx-1/4Fx2-1/2qx3 0 b2-2bx+x2

H cedimento nodo -H1HuH -Fb3/EJ

totali -1/4Fb3/EJ Xb3/EJ

iperstatica X=HC 1/4F

ESΣ04.xxxx.096PROCEDIMENTO E RISULTATI 955615
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
BA = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
BC = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
CB = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
HA = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
AH = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXo
AB = ∫

o

b(1/2 -1/2 x/b +1/8 x2/b2 ) Fb2 1/EJ dx = [1/2 x -1/4 x2/b +1/24 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/2 b -1/4 b +1/24 b ) Fb2 1/EJ  = 7/24  Fb3/EJ

LXo
BA = ∫

o

b(1/8 +1/4 x/b +1/8 x2/b2 ) Fb2 1/EJ dx = [1/8 x +1/8 x2/b +1/24 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/8 b +1/8 b +1/24 b ) Fb2 1/EJ  = 7/24  Fb3/EJ

LXo
BC = ∫

o

b(1/8 -1/4 x/b +1/8 x2/b2 ) Fb2 1/EJ dx = [1/8 x -1/8 x2/b +1/24 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/8 b -1/8 b +1/24 b ) Fb2 1/EJ  = 1/24  Fb3/EJ

LXo
CB = ∫

o

b(1/8 x2/b2 ) Fb2 1/EJ dx = [1/24 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/24 b ) Fb2 1/EJ  = 1/24  Fb3/EJ

LXo
HA = ∫

o

b(7/4 x/b -7/4 x2/b2 +1/2 x3/b3 ) Fb2 1/EJ dx = [7/8 x2/b -7/12 x3/b2 +1/8 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (7/8 b -7/12 b +1/8 b ) Fb2 1/EJ  = 5/12  Fb3/EJ

LXo
AH = ∫

o

b(1/2 +1/4 x/b -1/4 x2/b2 -1/2 x3/b3 ) Fb2 1/EJ dx

        = [1/2 x +1/8 x2/b -1/12 x3/b2 -1/8 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (1/2 b +1/8 b -1/12 b -1/8 b ) Fb2 1/EJ  = 5/12  Fb3/EJ
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y,v,V,q

x,u,H,p

b

b

ϕ,W b b

A B C

D

E

F

G

H
I

F

F

q

q
q

VF = -F
HD = -F
pHA = -q = -F/b
pGH = -q = -F/b
qAB = -q = -F/b
θAB = -θ = -αT/b = -bF/EJ

uH = -δ = -b3F/EJ
EJAB = EJ
EJBC = EJ
EJCD = EJ
EJDE = EJ
EJEF = EJ

EJFG = EJ
EJGH = EJ
EJGI = EJ
EJIB = EJ
EJIE = EJ
EJHA = EJ

Reazioni iperstatiche in soluzione:  X=VC

Carichi e deformazioni date hanno verso efficace in disegno.
Calcolare reazioni vincolari della struttura e delle aste.
Tracciare i diagrammi quotati delle azioni interne nelle aste.
Carichi di aste curve misurati in proiezione sugli assi x,y.
JYZ - xYZ - θYZ  riferimento locale asta YZ con origine in Y.
Curvatura θ asta AB positiva se convessa a destra con inizio A.
Spostamento orizzontale assoluto u imposto al nodo H.
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Quadro contributi PLV per iperstatica X=VC

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b 2b-x -5/2Fb+2Fx-1/2qx2 -Fb/EJ -5Fb2+13/2Fbx-3Fx2+1/2qx3 -2Fb2/EJ+Fxb/EJ 4b2-4bx+x2

(-21/8-3/2)Fb3/EJ 7/3Xb3/EJ
BA b -b-x Fb+Fx+1/2qx2 Fb/EJ -Fb2-2Fbx-3/2Fx2-1/2qx3 -Fb2/EJ-Fxb/EJ b2+2bx+x2

BC b b-x -Fb+Fx 0 -Fb2+2Fbx-Fx2 0 b2-2bx+x2

(-1/3+0)Fb3/EJ 1/3Xb3/EJ
CB b -x Fx 0 -Fx2 0 x2

CD b 0 0 0 0 0 0
0+0 0

DC b 0 0 0 0 0 0

DE b 0 Fx 0 0 0 0
0+0 0

ED b 0 -Fb+Fx 0 0 0 0

EF b 0 Fb-Fx 0 0 0 0
0+0 0

FE b 0 -Fx 0 0 0 0

FG b 0 0 0 0 0 0
0+0 0

GF b 0 0 0 0 0 0

GH b 0 -Fx-1/2qx2 0 0 0 0
0+0 0

HG b 0 3/2Fb-2Fx+1/2qx2 0 0 0 0

GI √2b 0 0 0 0 0 0 0 0

IB b 0 0 0 0 0 0
0+0 0

BI b 0 0 0 0 0 0

IE √2b 0 0 0 0 0 0 0 0

HA b 2x -3/2Fb-1/2Fx-1/2qx2 0 -3Fbx-Fx2-qx3 0 4x2

(-25/12+0)Fb3/EJ 4/3Xb3/EJ
AH b -2b+2x 5/2Fb-3/2Fx+1/2qx2 0 -5Fb2+8Fbx-4Fx2+qx3 0 4b2-8bx+4x2

H cedimento nodo -H1HuH 2Fb3/EJ

totali -109/24Fb3/EJ 4Xb3/EJ

iperstatica X=VC 109/96F

ESΣ04.xxxx.100PROCEDIMENTO E RISULTATI 982088

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b(4 -4 x/b + x2/b2 ) b2 1/EJ dx = [4 x -2 x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -2 b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
BA = ∫

o

b(1 +2 x/b + x2/b2 ) b2 1/EJ dx = [ x + x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b + b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
BC = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
CB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
HA = ∫

o

b(4 x2/b2 ) b2 1/EJ dx = [4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXX
AH = ∫

o

b(4 -8 x/b +4 x2/b2 ) b2 1/EJ dx = [4 x -4 x2/b +4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -4 b +4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXo
AB = ∫

o

b(-5 +13/2 x/b -3 x2/b2 +1/2 x3/b3 ) Fb2 1/EJ dx +  ∫
o

b(-2 + x/b ) θ  dx

        = [-5 x +13/4 x2/b - x3/b2 +1/8 x4/b3 ]
o

b
 Fb2 1/EJ  + [-2 x +1/2 x2/b ]

o

b
 θ  

        = (-5 b +13/4 b - b +1/8 b ) Fb2 1/EJ  + (-2 b +1/2 b ) θ   = -33/8  Fb3/EJ

LXo
BA = ∫

o

b(-1 -2 x/b -3/2 x2/b2 -1/2 x3/b3 ) Fb2 1/EJ dx +  ∫
o

b(1 + x/b ) θ  dx

        = [- x - x2/b -1/2 x3/b2 -1/8 x4/b3 ]
o

b
 Fb2 1/EJ  + [ x +1/2 x2/b ]

o

b
 θ  

        = (- b - b -1/2 b -1/8 b ) Fb2 1/EJ  + ( b +1/2 b ) θ   = -33/8  Fb3/EJ

LXo
BC = ∫

o

b(-1 +2 x/b - x2/b2 ) Fb2 1/EJ dx = [- x + x2/b -1/3 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (- b + b -1/3 b ) Fb2 1/EJ  = -1/3  Fb3/EJ

LXo
CB = ∫

o

b(- x2/b2 ) Fb2 1/EJ dx = [-1/3 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-1/3 b ) Fb2 1/EJ  = -1/3  Fb3/EJ

LXo
HA = ∫

o

b(-3 x/b - x2/b2 - x3/b3 ) Fb2 1/EJ dx = [-3/2 x2/b -1/3 x3/b2 -1/4 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (-3/2 b -1/3 b -1/4 b ) Fb2 1/EJ  = -25/12  Fb3/EJ

LXo
AH = ∫

o

b(-5 +8 x/b -4 x2/b2 + x3/b3 ) Fb2 1/EJ dx = [-5 x +4 x2/b -4/3 x3/b2 +1/4 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (-5 b +4 b -4/3 b +1/4 b ) Fb2 1/EJ  = -25/12  Fb3/EJ

ESΣ04.xxxx.100PROCEDIMENTO E RISULTATI 982088
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Quadro contributi PLV per iperstatica X=HC

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -b+1/2x -2Fb+3/2Fx 0 2Fb2-5/2Fbx+3/4Fx2 0 b2-bx+1/4x2

(1+0)Fb3/EJ 7/12Xb3/EJ
BA b 1/2b+1/2x 1/2Fb+3/2Fx 0 1/4Fb2+Fbx+3/4Fx2 0 1/4b2+1/2bx+1/4x2

BC b -1/2b+1/2x -1/2Fb+1/2Fx 0 1/4Fb2-1/2Fbx+1/4Fx2 0 1/4b2-1/2bx+1/4x2

(1/12+0)Fb3/EJ 1/12Xb3/EJ
CB b 1/2x 1/2Fx 0 1/4Fx2 0 1/4x2

CD b 0 0 0 0 0 0
0+0 0

DC b 0 0 0 0 0 0

DE b 0 Fx 0 0 0 0
0+0 0

ED b 0 -Fb+Fx 0 0 0 0

EF b 0 Fb-Fx 0 0 0 0
0+0 0

FE b 0 -Fx 0 0 0 0

FG b 0 0 0 0 0 0
0+0 0

GF b 0 0 0 0 0 0

GH b 0 -2Fx-1/2qx2 0 0 0 0
0+0 0

HG b 0 5/2Fb-3Fx+1/2qx2 0 0 0 0

GI √2b 0 √2/2Fx-1/2qx2 0 0 0 0 0 0

IB b 0 0 -Fb/EJ 0 0 0
0+0 0

BI b 0 0 Fb/EJ 0 0 0

IE √2b 0 0 0 0 0 0 0 0

HA b -x -5/2Fb+Fx-1/2qx2 0 5/2Fbx-Fx2+1/2qx3 0 x2

(25/24+0)Fb3/EJ 1/3Xb3/EJ
AH b b-x 2Fb+1/2qx2 0 2Fb2-2Fbx+1/2Fx2-1/2qx3 0 b2-2bx+x2

H cedimento nodo -H1HuH -Fb3/EJ

totali 9/8Fb3/EJ Xb3/EJ

iperstatica X=HC -9/8F

ESΣ04.xxxx.120PROCEDIMENTO E RISULTATI 239191

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Sviluppi di calcolo iperstatica



ESΣ04.xxxx.120PROCEDIMENTO E RISULTATI 239191

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

LXX
AB = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
BA = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
BC = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
CB = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
HA = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
AH = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXo
AB = ∫

o

b(2 -5/2 x/b +3/4 x2/b2 ) Fb2 1/EJ dx = [2 x -5/4 x2/b +1/4 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (2 b -5/4 b +1/4 b ) Fb2 1/EJ  =   Fb3/EJ

LXo
BA = ∫

o

b(1/4 + x/b +3/4 x2/b2 ) Fb2 1/EJ dx = [1/4 x +1/2 x2/b +1/4 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/4 b +1/2 b +1/4 b ) Fb2 1/EJ  =   Fb3/EJ

LXo
BC = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) Fb2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) Fb2 1/EJ  = 1/12  Fb3/EJ

LXo
CB = ∫

o

b(1/4 x2/b2 ) Fb2 1/EJ dx = [1/12 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/12 b ) Fb2 1/EJ  = 1/12  Fb3/EJ

LXo
HA = ∫

o

b(5/2 x/b - x2/b2 +1/2 x3/b3 ) Fb2 1/EJ dx = [5/4 x2/b -1/3 x3/b2 +1/8 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (5/4 b -1/3 b +1/8 b ) Fb2 1/EJ  = 25/24  Fb3/EJ

LXo
AH = ∫

o

b(2 -2 x/b +1/2 x2/b2 -1/2 x3/b3 ) Fb2 1/EJ dx = [2 x - x2/b +1/6 x3/b2 -1/8 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (2 b - b +1/6 b -1/8 b ) Fb2 1/EJ  = 25/24  Fb3/EJ

ESΣ04.xxxx.120
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Quadro contributi PLV per iperstatica X=HC

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -b+1/2x -2Fb+3/2Fx 0 2Fb2-5/2Fbx+3/4Fx2 0 b2-bx+1/4x2

(1+0)Fb3/EJ 7/12Xb3/EJ
BA b 1/2b+1/2x 1/2Fb+3/2Fx 0 1/4Fb2+Fbx+3/4Fx2 0 1/4b2+1/2bx+1/4x2

BC b -1/2b+1/2x -1/2Fb+1/2Fx 0 1/4Fb2-1/2Fbx+1/4Fx2 0 1/4b2-1/2bx+1/4x2

(1/12+0)Fb3/EJ 1/12Xb3/EJ
CB b 1/2x 1/2Fx 0 1/4Fx2 0 1/4x2

CD b 0 0 -Fb/EJ 0 0 0
0+0 0

DC b 0 0 Fb/EJ 0 0 0

DE b 0 Fx 0 0 0 0
0+0 0

ED b 0 -Fb+Fx 0 0 0 0

EF b 0 Fb-Fx 0 0 0 0
0+0 0

FE b 0 -Fx 0 0 0 0

FG b 0 0 0 0 0 0
0+0 0

GF b 0 0 0 0 0 0

GH b 0 -2Fx-1/2qx2 0 0 0 0
0+0 0

HG b 0 5/2Fb-3Fx+1/2qx2 0 0 0 0

GI √2b 0 √2/2Fx-1/2qx2 0 0 0 0 0 0

IB b 0 0 0 0 0 0
0+0 0

BI b 0 0 0 0 0 0

IE √2b 0 0 0 0 0 0 0 0

HA b -x -5/2Fb+Fx-1/2qx2 0 5/2Fbx-Fx2+1/2qx3 0 x2

(25/24+0)Fb3/EJ 1/3Xb3/EJ
AH b b-x 2Fb+1/2qx2 0 2Fb2-2Fbx+1/2Fx2-1/2qx3 0 b2-2bx+x2

H cedimento nodo -H1HuH -Fb3/EJ

totali 9/8Fb3/EJ Xb3/EJ

iperstatica X=HC -9/8F

ESΣ04.xxxx.123PROCEDIMENTO E RISULTATI 237187

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
BA = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
BC = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
CB = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
HA = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
AH = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXo
AB = ∫

o

b(2 -5/2 x/b +3/4 x2/b2 ) Fb2 1/EJ dx = [2 x -5/4 x2/b +1/4 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (2 b -5/4 b +1/4 b ) Fb2 1/EJ  =   Fb3/EJ

LXo
BA = ∫

o

b(1/4 + x/b +3/4 x2/b2 ) Fb2 1/EJ dx = [1/4 x +1/2 x2/b +1/4 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/4 b +1/2 b +1/4 b ) Fb2 1/EJ  =   Fb3/EJ

LXo
BC = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) Fb2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) Fb2 1/EJ  = 1/12  Fb3/EJ

LXo
CB = ∫

o

b(1/4 x2/b2 ) Fb2 1/EJ dx = [1/12 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/12 b ) Fb2 1/EJ  = 1/12  Fb3/EJ

LXo
HA = ∫

o

b(5/2 x/b - x2/b2 +1/2 x3/b3 ) Fb2 1/EJ dx = [5/4 x2/b -1/3 x3/b2 +1/8 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (5/4 b -1/3 b +1/8 b ) Fb2 1/EJ  = 25/24  Fb3/EJ

LXo
AH = ∫

o

b(2 -2 x/b +1/2 x2/b2 -1/2 x3/b3 ) Fb2 1/EJ dx = [2 x - x2/b +1/6 x3/b2 -1/8 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (2 b - b +1/6 b -1/8 b ) Fb2 1/EJ  = 25/24  Fb3/EJ

ESΣ04.xxxx.123

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25
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y,v,V,q

x,u,H,p

b

b

ϕ,W b b

A B C

D

E

F

G

H
I

F

F

q

q
q

VF = -F
HD = -F
pHA = -q = -F/b
pGH = -q = -F/b
qFG = -q = -F/b
θDE = -θ = -αT/b = -bF/EJ

uH = -δ = -b3F/EJ
EJAB = EJ
EJBC = EJ
EJCD = EJ
EJDE = EJ
EJEF = EJ

EJFG = EJ
EJGH = EJ
EJGI = EJ
EJIB = EJ
EJIE = EJ
EJHA = EJ

Reazioni iperstatiche in soluzione:  X=VH

Carichi e deformazioni date hanno verso efficace in disegno.
Calcolare reazioni vincolari della struttura e delle aste.
Tracciare i diagrammi quotati delle azioni interne nelle aste.
Carichi di aste curve misurati in proiezione sugli assi x,y.
JYZ - xYZ - θYZ  riferimento locale asta YZ con origine in Y.
Curvatura θ asta DE positiva se convessa a destra con inizio D.
Spostamento orizzontale assoluto u imposto al nodo H.
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Quadro contributi PLV per iperstatica X=VH

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -2b+x Fb-1/2Fx 0 -2Fb2+2Fbx-1/2Fx2 0 4b2-4bx+x2

(-7/6+0)Fb3/EJ 7/3Xb3/EJ
BA b b+x -1/2Fb-1/2Fx 0 -1/2Fb2-Fbx-1/2Fx2 0 b2+2bx+x2

BC b -b+x 1/2Fb-1/2Fx 0 -1/2Fb2+Fbx-1/2Fx2 0 b2-2bx+x2

(-1/6+0)Fb3/EJ 1/3Xb3/EJ
CB b x -1/2Fx 0 -1/2Fx2 0 x2

CD b 0 1/4Fx 0 0 0 0
0+0 0

DC b 0 -1/4Fb+1/4Fx 0 0 0 0

DE b 0 1/4Fb+5/4Fx -Fb/EJ 0 0 0
0+0 0

ED b 0 -3/2Fb+5/4Fx Fb/EJ 0 0 0

EF b 0 3/2Fb-3/2Fx 0 0 0 0
0+0 0

FE b 0 -3/2Fx 0 0 0 0

FG b 0 -1/2Fx+1/2qx2 0 0 0 0
0+0 0

GF b 0 1/2Fx-1/2qx2 0 0 0 0

GH b 0 -5/4Fx-1/2qx2 0 0 0 0
0+0 0

HG b 0 7/4Fb-9/4Fx+1/2qx2 0 0 0 0

GI √2b 0 0 0 0 0 0 0 0

IB b 0 0 0 0 0 0
0+0 0

BI b 0 0 0 0 0 0

IE √2b 0 0 0 0 0 0 0 0

HA b -2x -7/4Fb+13/4Fx-1/2qx2 0 7/2Fbx-13/2Fx2+qx3 0 4x2

(-1/6+0)Fb3/EJ 4/3Xb3/EJ
AH b 2b-2x -Fb+9/4Fx+1/2qx2 0 -2Fb2+13/2Fbx-7/2Fx2-qx3 0 4b2-8bx+4x2

H cedimento nodo -H1HuH -2Fb3/EJ

totali -7/2Fb3/EJ 4Xb3/EJ

iperstatica X=VH 7/8F

ESΣ04.xxxx.128PROCEDIMENTO E RISULTATI 211653

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b(4 -4 x/b + x2/b2 ) b2 1/EJ dx = [4 x -2 x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -2 b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
BA = ∫

o

b(1 +2 x/b + x2/b2 ) b2 1/EJ dx = [ x + x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b + b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
BC = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
CB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
HA = ∫

o

b(4 x2/b2 ) b2 1/EJ dx = [4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXX
AH = ∫

o

b(4 -8 x/b +4 x2/b2 ) b2 1/EJ dx = [4 x -4 x2/b +4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -4 b +4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXo
AB = ∫

o

b(-2 +2 x/b -1/2 x2/b2 ) Fb2 1/EJ dx = [-2 x + x2/b -1/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-2 b + b -1/6 b ) Fb2 1/EJ  = -7/6  Fb3/EJ

LXo
BA = ∫

o

b(-1/2 - x/b -1/2 x2/b2 ) Fb2 1/EJ dx = [-1/2 x -1/2 x2/b -1/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-1/2 b -1/2 b -1/6 b ) Fb2 1/EJ  = -7/6  Fb3/EJ

LXo
BC = ∫

o

b(-1/2 + x/b -1/2 x2/b2 ) Fb2 1/EJ dx = [-1/2 x +1/2 x2/b -1/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-1/2 b +1/2 b -1/6 b ) Fb2 1/EJ  = -1/6  Fb3/EJ

LXo
CB = ∫

o

b(-1/2 x2/b2 ) Fb2 1/EJ dx = [-1/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-1/6 b ) Fb2 1/EJ  = -1/6  Fb3/EJ

LXo
HA = ∫

o

b(7/2 x/b -13/2 x2/b2 + x3/b3 ) Fb2 1/EJ dx = [7/4 x2/b -13/6 x3/b2 +1/4 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (7/4 b -13/6 b +1/4 b ) Fb2 1/EJ  = -1/6  Fb3/EJ

LXo
AH = ∫

o

b(-2 +13/2 x/b -7/2 x2/b2 - x3/b3 ) Fb2 1/EJ dx = [-2 x +13/4 x2/b -7/6 x3/b2 -1/4 x4/b3 ]
o

b
 Fb2 1/EJ

        = (-2 b +13/4 b -7/6 b -1/4 b ) Fb2 1/EJ  = -1/6  Fb3/EJ

ESΣ04.xxxx.128

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25
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VF = -F
HD = -F
pHA = -q = -F/b
pGH = -q = -F/b
qFG = -q = -F/b
θGH = -θ = -αT/b = -bF/EJ

uH = -δ = -b3F/EJ
EJAB = EJ
EJBC = EJ
EJCD = EJ
EJDE = EJ
EJEF = EJ

EJFG = EJ
EJGH = EJ
EJGI = EJ
EJIB = EJ
EJIE = EJ
EJHA = EJ

Reazioni iperstatiche in soluzione:  X=VC

Carichi e deformazioni date hanno verso efficace in disegno.
Calcolare reazioni vincolari della struttura e delle aste.
Tracciare i diagrammi quotati delle azioni interne nelle aste.
Carichi di aste curve misurati in proiezione sugli assi x,y.
JYZ - xYZ - θYZ  riferimento locale asta YZ con origine in Y.
Curvatura θ asta GH positiva se convessa a destra con inizio G.
Spostamento orizzontale assoluto u imposto al nodo H.

ESΣ04.xxxx.132REAZIONI 238699

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25
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ESΣ04.xxxx.132PROCEDIMENTO E RISULTATI 238699

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Quadro contributi PLV per iperstatica X=VC

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b 2b-x -3Fb+3/2Fx 0 -6Fb2+6Fbx-3/2Fx2 0 4b2-4bx+x2

(-7/2+0)Fb3/EJ 7/3Xb3/EJ
BA b -b-x 3/2Fb+3/2Fx 0 -3/2Fb2-3Fbx-3/2Fx2 0 b2+2bx+x2

BC b b-x -3/2Fb+3/2Fx 0 -3/2Fb2+3Fbx-3/2Fx2 0 b2-2bx+x2

(-1/2+0)Fb3/EJ 1/3Xb3/EJ
CB b -x 3/2Fx 0 -3/2Fx2 0 x2

CD b 0 1/4Fx 0 0 0 0
0+0 0

DC b 0 -1/4Fb+1/4Fx 0 0 0 0

DE b 0 1/4Fb+5/4Fx 0 0 0 0
0+0 0

ED b 0 -3/2Fb+5/4Fx 0 0 0 0

EF b 0 3/2Fb-3/2Fx 0 0 0 0
0+0 0

FE b 0 -3/2Fx 0 0 0 0

FG b 0 -1/2Fx+1/2qx2 0 0 0 0
0+0 0

GF b 0 1/2Fx-1/2qx2 0 0 0 0

GH b 0 -5/4Fx-1/2qx2 -Fb/EJ 0 0 0
0+0 0

HG b 0 7/4Fb-9/4Fx+1/2qx2 Fb/EJ 0 0 0

GI √2b 0 0 0 0 0 0 0 0

IB b 0 0 0 0 0 0
0+0 0

BI b 0 0 0 0 0 0

IE √2b 0 0 0 0 0 0 0 0

HA b 2x -7/4Fb-3/4Fx-1/2qx2 0 -7/2Fbx-3/2Fx2-qx3 0 4x2

(-5/2+0)Fb3/EJ 4/3Xb3/EJ
AH b -2b+2x 3Fb-7/4Fx+1/2qx2 0 -6Fb2+19/2Fbx-9/2Fx2+qx3 0 4b2-8bx+4x2

H cedimento nodo -H1HuH 2Fb3/EJ

totali -9/2Fb3/EJ 4Xb3/EJ

iperstatica X=VC 9/8F

ESΣ04.xxxx.132PROCEDIMENTO E RISULTATI 238699

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b(4 -4 x/b + x2/b2 ) b2 1/EJ dx = [4 x -2 x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -2 b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
BA = ∫

o

b(1 +2 x/b + x2/b2 ) b2 1/EJ dx = [ x + x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b + b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
BC = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
CB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
HA = ∫

o

b(4 x2/b2 ) b2 1/EJ dx = [4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXX
AH = ∫

o

b(4 -8 x/b +4 x2/b2 ) b2 1/EJ dx = [4 x -4 x2/b +4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -4 b +4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXo
AB = ∫

o

b(-6 +6 x/b -3/2 x2/b2 ) Fb2 1/EJ dx = [-6 x +3 x2/b -1/2 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-6 b +3 b -1/2 b ) Fb2 1/EJ  = -7/2  Fb3/EJ

LXo
BA = ∫

o

b(-3/2 -3 x/b -3/2 x2/b2 ) Fb2 1/EJ dx = [-3/2 x -3/2 x2/b -1/2 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-3/2 b -3/2 b -1/2 b ) Fb2 1/EJ  = -7/2  Fb3/EJ

LXo
BC = ∫

o

b(-3/2 +3 x/b -3/2 x2/b2 ) Fb2 1/EJ dx = [-3/2 x +3/2 x2/b -1/2 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-3/2 b +3/2 b -1/2 b ) Fb2 1/EJ  = -1/2  Fb3/EJ

LXo
CB = ∫

o

b(-3/2 x2/b2 ) Fb2 1/EJ dx = [-1/2 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-1/2 b ) Fb2 1/EJ  = -1/2  Fb3/EJ

LXo
HA = ∫

o

b(-7/2 x/b -3/2 x2/b2 - x3/b3 ) Fb2 1/EJ dx = [-7/4 x2/b -1/2 x3/b2 -1/4 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (-7/4 b -1/2 b -1/4 b ) Fb2 1/EJ  = -5/2  Fb3/EJ

LXo
AH = ∫

o

b(-6 +19/2 x/b -9/2 x2/b2 + x3/b3 ) Fb2 1/EJ dx

        = [-6 x +19/4 x2/b -3/2 x3/b2 +1/4 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (-6 b +19/4 b -3/2 b +1/4 b ) Fb2 1/EJ  = -5/2  Fb3/EJ

ESΣ04.xxxx.132

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25
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VF = -F
HD = -F
pHA = -q = -F/b
qEF = -q = -F/b
pIB = -q = -F/b
θDE = -θ = -αT/b = -bF/EJ

uH = -δ = -b3F/EJ
EJAB = EJ
EJBC = EJ
EJCD = EJ
EJDE = EJ
EJEF = EJ

EJFG = EJ
EJGH = EJ
EJGI = EJ
EJIB = EJ
EJIE = EJ
EJHA = EJ

Reazioni iperstatiche in soluzione:  X=HC

Carichi e deformazioni date hanno verso efficace in disegno.
Calcolare reazioni vincolari della struttura e delle aste.
Tracciare i diagrammi quotati delle azioni interne nelle aste.
Carichi di aste curve misurati in proiezione sugli assi x,y.
JYZ - xYZ - θYZ  riferimento locale asta YZ con origine in Y.
Curvatura θ asta DE positiva se convessa a destra con inizio D.
Spostamento orizzontale assoluto u imposto al nodo H.

ESΣ04.xxxx.139REAZIONI 241207

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

7/8F

11/16F
7/8Fb

7/8F

11/16F
3/16Fb

A B

7/8F

5/16F
5/16Fb

7/8F

5/16F

B C

1/4F

2F

1/4F

2F
1/4Fb

C

D

5/4F

2F
1/4Fb

5/4F

2F
3/2Fb

D

E

5/4F

2F
3/2Fb

5/4F

F

EF

5/4F
FG

9/4F

F

9/4F

F
9/4Fb

G

H

√2F

G

I

F

F

F
1/2Fb

I

B

I

E

15/8F

11/16F
9/4Fb

7/8F

11/16F
7/8Fb

H

A



E
S

Σ0
4.

xx
xx

.1
39

A
Z

IO
N

I I
N

T
E

R
N

E
 2

41
20

7

@
 A

do
lfo

 Z
av

el
an

i R
os

si
, P

ol
ite

cn
ic

o 
di

 M
ila

no
, v

er
s.

27
.0

3.
13

12
.1

2.
25

-7
/8

-7
/8

-2-2

-5
/4

-5
/4

-5
/4

1

-√2

-1 -1

0

11/16 11/16  F

11
/1

6
-5

/1
6

1/45/4

-2
-1

0

-9/4

0

1 0

0

15/8 7/8

 F

-7
/8

-3
/1

6
5/

16
0

01/41/43/2

3/
2

0
0

0

0
-9/4

0

0

0 1/20

0

-9/4 -7/8

 F
b

E
S

Σ0
4.

xx
xx

.1
39

P
R

O
C

E
D

IM
E

N
T

O
 E

 R
IS

U
LT

A
T

I 2
41

20
7

@
 A

do
lfo

 Z
av

el
an

i R
os

si
, P

ol
ite

cn
ic

o 
di

 M
ila

no
, v

er
s.

27
.0

3.
13

12
.1

2.
25

A
B

CD

E

F

G

H
I

F

F X

q q

q

-2
-3

/4
-1

/4
0

01/41/43/2

3/
2

0
0

0

0
-9/4

0

0

0 1/20

0

-9/4 -2

M
o 

fle
ss

io
ne

 d
a 

ca
ric

hi
 a

ss
eg

na
ti

-1
-1

/2
-1

/2
0

0000

0
0

0
0

0 0

0

0

0 00

0

0
-1

M
x 

fle
ss

io
ne

 d
a 

ip
er

st
at

ic
a 

X
=

1



ESΣ04.xxxx.139PROCEDIMENTO E RISULTATI 241207

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Quadro contributi PLV per iperstatica X=HC

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -b+1/2x -2Fb+5/4Fx 0 2Fb2-9/4Fbx+5/8Fx2 0 b2-bx+1/4x2

(13/12+0)Fb3/EJ 7/12Xb3/EJ
BA b 1/2b+1/2x 3/4Fb+5/4Fx 0 3/8Fb2+Fbx+5/8Fx2 0 1/4b2+1/2bx+1/4x2

BC b -1/2b+1/2x -1/4Fb+1/4Fx 0 1/8Fb2-1/4Fbx+1/8Fx2 0 1/4b2-1/2bx+1/4x2

(1/24+0)Fb3/EJ 1/12Xb3/EJ
CB b 1/2x 1/4Fx 0 1/8Fx2 0 1/4x2

CD b 0 1/4Fx 0 0 0 0
0+0 0

DC b 0 -1/4Fb+1/4Fx 0 0 0 0

DE b 0 1/4Fb+5/4Fx -Fb/EJ 0 0 0
0+0 0

ED b 0 -3/2Fb+5/4Fx Fb/EJ 0 0 0

EF b 0 3/2Fb-2Fx+1/2qx2 0 0 0 0
0+0 0

FE b 0 -Fx-1/2qx2 0 0 0 0

FG b 0 0 0 0 0 0
0+0 0

GF b 0 0 0 0 0 0

GH b 0 -9/4Fx 0 0 0 0
0+0 0

HG b 0 9/4Fb-9/4Fx 0 0 0 0

GI √2b 0 0 0 0 0 0 0 0

IB b 0 Fx-1/2qx2 0 0 0 0
0+0 0

BI b 0 -1/2Fb+1/2qx2 0 0 0 0

IE √2b 0 0 0 0 0 0 0 0

HA b -x -9/4Fb+3/4Fx-1/2qx2 0 9/4Fbx-3/4Fx2+1/2qx3 0 x2

(1+0)Fb3/EJ 1/3Xb3/EJ
AH b b-x 2Fb-1/4Fx+1/2qx2 0 2Fb2-9/4Fbx+3/4Fx2-1/2qx3 0 b2-2bx+x2

H cedimento nodo -H1HuH -Fb3/EJ

totali 9/8Fb3/EJ Xb3/EJ

iperstatica X=HC -9/8F
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
BA = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
BC = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
CB = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
HA = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
AH = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXo
AB = ∫

o

b(2 -9/4 x/b +5/8 x2/b2 ) Fb2 1/EJ dx = [2 x -9/8 x2/b +5/24 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (2 b -9/8 b +5/24 b ) Fb2 1/EJ  = 13/12  Fb3/EJ

LXo
BA = ∫

o

b(3/8 + x/b +5/8 x2/b2 ) Fb2 1/EJ dx = [3/8 x +1/2 x2/b +5/24 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (3/8 b +1/2 b +5/24 b ) Fb2 1/EJ  = 13/12  Fb3/EJ

LXo
BC = ∫

o

b(1/8 -1/4 x/b +1/8 x2/b2 ) Fb2 1/EJ dx = [1/8 x -1/8 x2/b +1/24 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/8 b -1/8 b +1/24 b ) Fb2 1/EJ  = 1/24  Fb3/EJ

LXo
CB = ∫

o

b(1/8 x2/b2 ) Fb2 1/EJ dx = [1/24 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/24 b ) Fb2 1/EJ  = 1/24  Fb3/EJ

LXo
HA = ∫

o

b(9/4 x/b -3/4 x2/b2 +1/2 x3/b3 ) Fb2 1/EJ dx = [9/8 x2/b -1/4 x3/b2 +1/8 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (9/8 b -1/4 b +1/8 b ) Fb2 1/EJ  =   Fb3/EJ

LXo
AH = ∫

o

b(2 -9/4 x/b +3/4 x2/b2 -1/2 x3/b3 ) Fb2 1/EJ dx = [2 x -9/8 x2/b +1/4 x3/b2 -1/8 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (2 b -9/8 b +1/4 b -1/8 b ) Fb2 1/EJ  =   Fb3/EJ
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y,v,V,q

x,u,H,p

b

b

ϕ,W b b

A B C

D

E

F

G

H
I

F

F

q

q

q

VF = -F
HD = -F
pHA = -q = -F/b
qEF = -q = -F/b
pCD = -q = -F/b
θIE = -θ = -αT/b = -bF/EJ

uH = -δ = -b3F/EJ
EJAB = EJ
EJBC = EJ
EJCD = EJ
EJDE = EJ
EJEF = EJ

EJFG = EJ
EJGH = EJ
EJGI = EJ
EJIB = EJ
EJIE = EJ
EJHA = EJ

Reazioni iperstatiche in soluzione:  X=VH

Carichi e deformazioni date hanno verso efficace in disegno.
Calcolare reazioni vincolari della struttura e delle aste.
Tracciare i diagrammi quotati delle azioni interne nelle aste.
Carichi di aste curve misurati in proiezione sugli assi x,y.
JYZ - xYZ - θYZ  riferimento locale asta YZ con origine in Y.
Curvatura θ asta IE positiva se convessa a destra con inizio I.
Spostamento orizzontale assoluto u imposto al nodo H.
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Quadro contributi PLV per iperstatica X=VH

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -2b+x 0 0 0 0 4b2-4bx+x2

0+0 7/3Xb3/EJ
BA b b+x 0 0 0 0 b2+2bx+x2

BC b -b+x 0 0 0 0 b2-2bx+x2

0+0 1/3Xb3/EJ
CB b x 0 0 0 0 x2

CD b 0 -1/2Fx+1/2qx2 0 0 0 0
0+0 0

DC b 0 1/2Fx-1/2qx2 0 0 0 0

DE b 0 3/2Fx 0 0 0 0
0+0 0

ED b 0 -3/2Fb+3/2Fx 0 0 0 0

EF b 0 3/2Fb-2Fx+1/2qx2 0 0 0 0
0+0 0

FE b 0 -Fx-1/2qx2 0 0 0 0

FG b 0 0 0 0 0 0
0+0 0

GF b 0 0 0 0 0 0

GH b 0 -3/2Fx 0 0 0 0
0+0 0

HG b 0 3/2Fb-3/2Fx 0 0 0 0

GI √2b 0 0 0 0 0 0 0 0

IB b 0 0 0 0 0 0
0+0 0

BI b 0 0 0 0 0 0

IE √2b 0 0 -Fb/EJ 0 0 0 0 0

HA b -2x -3/2Fb+2Fx-1/2qx2 0 3Fbx-4Fx2+qx3 0 4x2

(5/12+0)Fb3/EJ 4/3Xb3/EJ
AH b 2b-2x Fx+1/2qx2 0 2Fbx-Fx2-qx3 0 4b2-8bx+4x2

H cedimento nodo -H1HuH -2Fb3/EJ

totali -19/12Fb3/EJ 4Xb3/EJ

iperstatica X=VH 19/48F
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b(4 -4 x/b + x2/b2 ) b2 1/EJ dx = [4 x -2 x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -2 b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
BA = ∫

o

b(1 +2 x/b + x2/b2 ) b2 1/EJ dx = [ x + x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b + b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
BC = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
CB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
HA = ∫

o

b(4 x2/b2 ) b2 1/EJ dx = [4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXX
AH = ∫

o

b(4 -8 x/b +4 x2/b2 ) b2 1/EJ dx = [4 x -4 x2/b +4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -4 b +4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXo
HA = ∫

o

b(3 x/b -4 x2/b2 + x3/b3 ) Fb2 1/EJ dx = [3/2 x2/b -4/3 x3/b2 +1/4 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (3/2 b -4/3 b +1/4 b ) Fb2 1/EJ  = 5/12  Fb3/EJ

LXo
AH = ∫

o

b(2 x/b - x2/b2 - x3/b3 ) Fb2 1/EJ dx = [ x2/b -1/3 x3/b2 -1/4 x4/b3 ]
o

b
 Fb2 1/EJ 

        = ( b -1/3 b -1/4 b ) Fb2 1/EJ  = 5/12  Fb3/EJ
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