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Quadro contributi PLV per iperstatica X=VD

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b 2x -6Fx+1/2qx2 -Fb/EJ -12Fx2+qx3 -2Fxb/EJ 4x2

(-15/4-1)Fb3/EJ 4/3Xb3/EJ
BA b -2b+2x 11/2Fb-5Fx-1/2qx2 Fb/EJ -11Fb2+21Fbx-9Fx2-qx3 -2Fb2/EJ+2Fxb/EJ 4b2-8bx+4x2

BC b 2b-x -11/2Fb+2Fx 0 -11Fb2+19/2Fbx-2Fx2 0 4b2-4bx+x2

(-83/12+0)Fb3/EJ 7/3Xb3/EJ
CB b -b-x 7/2Fb+2Fx 0 -7/2Fb2-11/2Fbx-2Fx2 0 b2+2bx+x2

CD b b-x -7/2Fb+7/2Fx 0 -7/2Fb2+7Fbx-7/2Fx2 0 b2-2bx+x2

(-7/6+0)Fb3/EJ 1/3Xb3/EJ
DC b -x 7/2Fx 0 -7/2Fx2 0 x2

DE b 0 0 0 0 0 0
0+0 0

ED b 0 0 0 0 0 0

EF b 0 9/4Fb-9/4Fx 0 0 0 0
0+0 0

FE b 0 -9/4Fx 0 0 0 0

FC b 0 0 0 0 0 0
0+0 0

CF b 0 0 0 0 0 0

CG b 0 -Fx+1/2qx2 0 0 0 0
0+0 0

GC b 0 1/2Fb-1/2qx2 0 0 0 0

GH 2b 0 1/2Fb-1/4Fx 0 0 0 0
0+0 0

HG 2b 0 -1/4Fx 0 0 0 0

HI 2b 0 0 0 0 0 0
0+0 0

IH 2b 0 0 0 0 0 0

IE b 0 Fb+5/4Fx 0 0 0 0
0+0 0

EI b 0 -9/4Fb+5/4Fx 0 0 0 0

D cedimento nodo -H1DuD 2Fb3/EJ

totali -65/6Fb3/EJ 4Xb3/EJ

iperstatica X=VD 65/24F
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b(4 x2/b2 ) b2 1/EJ dx = [4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXX
BA = ∫

o

b(4 -8 x/b +4 x2/b2 ) b2 1/EJ dx = [4 x -4 x2/b +4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -4 b +4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXX
BC = ∫

o

b(4 -4 x/b + x2/b2 ) b2 1/EJ dx = [4 x -2 x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -2 b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
CB = ∫

o

b(1 +2 x/b + x2/b2 ) b2 1/EJ dx = [ x + x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b + b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
CD = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
DC = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXo
AB = ∫

o

b(-12 x2/b2 + x3/b3 ) Fb2 1/EJ dx +  ∫
o

b(-2 x/b ) θ  dx

        = [-4 x3/b2 +1/4 x4/b3 ]
o

b
 Fb2 1/EJ  + [- x2/b ]

o

b
 θ  

        = (-4 b +1/4 b ) Fb2 1/EJ  + (- b ) θ   = -19/4  Fb3/EJ

LXo
BA = ∫

o

b(-11 +21 x/b -9 x2/b2 - x3/b3 ) Fb2 1/EJ dx +  ∫
o

b(2 -2 x/b ) θ  dx

        = [-11 x +21/2 x2/b -3 x3/b2 -1/4 x4/b3 ]
o

b
 Fb2 1/EJ  + [2 x - x2/b ]

o

b
 θ  

        = (-11 b +21/2 b -3 b -1/4 b ) Fb2 1/EJ  + (2 b - b ) θ   = -19/4  Fb3/EJ

LXo
BC = ∫

o

b(-11 +19/2 x/b -2 x2/b2 ) Fb2 1/EJ dx = [-11 x +19/4 x2/b -2/3 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-11 b +19/4 b -2/3 b ) Fb2 1/EJ  = -83/12  Fb3/EJ

LXo
CB = ∫

o

b(-7/2 -11/2 x/b -2 x2/b2 ) Fb2 1/EJ dx = [-7/2 x -11/4 x2/b -2/3 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-7/2 b -11/4 b -2/3 b ) Fb2 1/EJ  = -83/12  Fb3/EJ

LXo
CD = ∫

o

b(-7/2 +7 x/b -7/2 x2/b2 ) Fb2 1/EJ dx = [-7/2 x +7/2 x2/b -7/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-7/2 b +7/2 b -7/6 b ) Fb2 1/EJ  = -7/6  Fb3/EJ

LXo
DC = ∫

o

b(-7/2 x2/b2 ) Fb2 1/EJ dx = [-7/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-7/6 b ) Fb2 1/EJ  = -7/6  Fb3/EJ
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Quadro contributi PLV per iperstatica X=HA

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -x 1/2qx2 0 -1/2qx3 0 x2

(-1/8+0)Fb3/EJ 1/3Xb3/EJ
BA b b-x -1/2Fb+Fx-1/2qx2 0 -1/2Fb2+3/2Fbx-3/2Fx2+1/2qx3 0 b2-2bx+x2

BC b -b+1/2x 1/2Fb-Fx 0 -1/2Fb2+5/4Fbx-1/2Fx2 0 b2-bx+1/4x2

(-1/24+0)Fb3/EJ 7/12Xb3/EJ
CB b 1/2b+1/2x 1/2Fb-Fx 0 1/4Fb2-1/4Fbx-1/2Fx2 0 1/4b2+1/2bx+1/4x2

CD b -1/2b+1/2x -1/2Fb+1/2Fx -Fb/EJ 1/4Fb2-1/2Fbx+1/4Fx2 1/2Fb2/EJ-1/2Fxb/EJ 1/4b2-1/2bx+1/4x2

(1/12+1/4)Fb3/EJ 1/12Xb3/EJ
DC b 1/2x 1/2Fx Fb/EJ 1/4Fx2 1/2Fxb/EJ 1/4x2

DE b 0 0 0 0 0 0
0+0 0

ED b 0 0 0 0 0 0

EF b 0 5/2Fb-3Fx+1/2qx2 0 0 0 0
0+0 0

FE b 0 -2Fx-1/2qx2 0 0 0 0

FC b 0 0 0 0 0 0
0+0 0

CF b 0 0 0 0 0 0

CG b 0 0 0 0 0 0
0+0 0

GC b 0 0 0 0 0 0

GH 2b 0 Fb-1/2Fx 0 0 0 0
0+0 0

HG 2b 0 -1/2Fx 0 0 0 0

HI 2b 0 0 0 0 0 0
0+0 0

IH 2b 0 0 0 0 0 0

IE b 0 Fb+3/2Fx 0 0 0 0
0+0 0

EI b 0 -5/2Fb+3/2Fx 0 0 0 0

D cedimento nodo -H1DuD -Fb3/EJ

totali -5/6Fb3/EJ Xb3/EJ

iperstatica X=HA 5/6F
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BA = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BC = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CB = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
DC = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXo
AB = ∫

o

b(-1/2 x3/b3 ) Fb2 1/EJ dx = [-1/8 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (-1/8 b ) Fb2 1/EJ  = -1/8  Fb3/EJ

LXo
BA = ∫

o

b(-1/2 +3/2 x/b -3/2 x2/b2 +1/2 x3/b3 ) Fb2 1/EJ dx

        = [-1/2 x +3/4 x2/b -1/2 x3/b2 +1/8 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (-1/2 b +3/4 b -1/2 b +1/8 b ) Fb2 1/EJ  = -1/8  Fb3/EJ

LXo
BC = ∫

o

b(-1/2 +5/4 x/b -1/2 x2/b2 ) Fb2 1/EJ dx = [-1/2 x +5/8 x2/b -1/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-1/2 b +5/8 b -1/6 b ) Fb2 1/EJ  = -1/24  Fb3/EJ

LXo
CB = ∫

o

b(1/4 -1/4 x/b -1/2 x2/b2 ) Fb2 1/EJ dx = [1/4 x -1/8 x2/b -1/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/4 b -1/8 b -1/6 b ) Fb2 1/EJ  = -1/24  Fb3/EJ

LXo
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(1/2 -1/2 x/b ) θ  dx

        = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 Fb2 1/EJ  + [1/2 x -1/4 x2/b ]

o

b
 θ  

        = (1/4 b -1/4 b +1/12 b ) Fb2 1/EJ  + (1/2 b -1/4 b ) θ   = 1/3  Fb3/EJ

LXo
DC = ∫

o

b(1/4 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(-1/2 x/b ) θ  dx = [1/12 x3/b2 ]
o

b
 Fb2 1/EJ  + [-1/4 x2/b ]

o

b
 θ  

        = (1/12 b ) Fb2 1/EJ  + (-1/4 b ) θ   = 1/3  Fb3/EJ
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Quadro contributi PLV per iperstatica X=HA

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -x 1/2qx2 0 -1/2qx3 0 x2

(-1/8+0)Fb3/EJ 1/3Xb3/EJ
BA b b-x -1/2Fb+Fx-1/2qx2 0 -1/2Fb2+3/2Fbx-3/2Fx2+1/2qx3 0 b2-2bx+x2

BC b -b+1/2x 1/2Fb-3/2Fx -Fb/EJ -1/2Fb2+7/4Fbx-3/4Fx2 Fb2/EJ-1/2Fxb/EJ b2-bx+1/4x2

(1/8+3/4)Fb3/EJ 7/12Xb3/EJ
CB b 1/2b+1/2x Fb-3/2Fx Fb/EJ 1/2Fb2-1/4Fbx-3/4Fx2 1/2Fb2/EJ+1/2Fxb/EJ 1/4b2+1/2bx+1/4x2

CD b -1/2b+1/2x -1/2Fb+1/2Fx 0 1/4Fb2-1/2Fbx+1/4Fx2 0 1/4b2-1/2bx+1/4x2

(1/12+0)Fb3/EJ 1/12Xb3/EJ
DC b 1/2x 1/2Fx 0 1/4Fx2 0 1/4x2

DE b 0 0 0 0 0 0
0+0 0

ED b 0 0 0 0 0 0

EF b 0 5/2Fb-5/2Fx 0 0 0 0
0+0 0

FE b 0 -5/2Fx 0 0 0 0

FC b 0 1/2qx2 0 0 0 0
0+0 0

CF b 0 -1/2Fb+Fx-1/2qx2 0 0 0 0

CG b 0 0 0 0 0 0
0+0 0

GC b 0 0 0 0 0 0

GH 2b 0 Fb-1/2Fx 0 0 0 0
0+0 0

HG 2b 0 -1/2Fx 0 0 0 0

HI 2b 0 0 0 0 0 0
0+0 0

IH 2b 0 0 0 0 0 0

IE b 0 Fb+3/2Fx 0 0 0 0
0+0 0

EI b 0 -5/2Fb+3/2Fx 0 0 0 0

A cedimento nodo -H1AuA Fb3/EJ

totali 11/6Fb3/EJ Xb3/EJ

iperstatica X=HA -11/6F
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BA = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BC = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CB = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
DC = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXo
AB = ∫

o

b(-1/2 x3/b3 ) Fb2 1/EJ dx = [-1/8 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (-1/8 b ) Fb2 1/EJ  = -1/8  Fb3/EJ

LXo
BA = ∫

o

b(-1/2 +3/2 x/b -3/2 x2/b2 +1/2 x3/b3 ) Fb2 1/EJ dx

        = [-1/2 x +3/4 x2/b -1/2 x3/b2 +1/8 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (-1/2 b +3/4 b -1/2 b +1/8 b ) Fb2 1/EJ  = -1/8  Fb3/EJ

LXo
BC = ∫

o

b(-1/2 +7/4 x/b -3/4 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(1 -1/2 x/b ) θ  dx

        = [-1/2 x +7/8 x2/b -1/4 x3/b2 ]
o

b
 Fb2 1/EJ  + [ x -1/4 x2/b ]

o

b
 θ  

        = (-1/2 b +7/8 b -1/4 b ) Fb2 1/EJ  + ( b -1/4 b ) θ   = 7/8  Fb3/EJ

LXo
CB = ∫

o

b(1/2 -1/4 x/b -3/4 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(-1/2 -1/2 x/b ) θ  dx

        = [1/2 x -1/8 x2/b -1/4 x3/b2 ]
o

b
 Fb2 1/EJ  + [-1/2 x -1/4 x2/b ]

o

b
 θ  

        = (1/2 b -1/8 b -1/4 b ) Fb2 1/EJ  + (-1/2 b -1/4 b ) θ   = 7/8  Fb3/EJ

LXo
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) Fb2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) Fb2 1/EJ  = 1/12  Fb3/EJ

LXo
DC = ∫

o

b(1/4 x2/b2 ) Fb2 1/EJ dx = [1/12 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/12 b ) Fb2 1/EJ  = 1/12  Fb3/EJ
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Quadro contributi PLV per iperstatica X=WBC

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -x/b -1/2Fx+1/2qx2 0 1/2Fx2/b-1/2qx3/b 0 x2/b2

(1/24+0)Fb2/EJ 1/3Xb/EJ
BA b 1-x/b 1/2Fx-1/2qx2 0 1/2Fx-Fx2/b+1/2qx3/b 0 1-2x/b+x2/b2

BC b -1+1/2x/b -5/4Fx -Fb/EJ 5/4Fx-5/8Fx2/b Fb/EJ-1/2Fx/EJ 1-x/b+1/4x2/b2

(5/12+3/4)Fb2/EJ 7/12Xb/EJ
CB b 1/2+1/2x/b 5/4Fb-5/4Fx Fb/EJ 5/8Fb-5/8Fx2/b 1/2Fb/EJ+1/2Fx/EJ 1/4+1/2x/b+1/4x2/b2

CD b -1/2+1/2x/b -3/4Fb+3/4Fx 0 3/8Fb-3/4Fx+3/8Fx2/b 0 1/4-1/2x/b+1/4x2/b2

(1/8+0)Fb2/EJ 1/12Xb/EJ
DC b 1/2x/b 3/4Fx 0 3/8Fx2/b 0 1/4x2/b2

DE b 0 1/2Fx-1/2qx2 0 0 0 0
0+0 0

ED b 0 -1/2Fx+1/2qx2 0 0 0 0

EF b 0 5/2Fb-5/2Fx 0 0 0 0
0+0 0

FE b 0 -5/2Fx 0 0 0 0

FC b 0 1/2Fx 0 0 0 0
0+0 0

CF b 0 -1/2Fb+1/2Fx 0 0 0 0

CG b 0 0 0 0 0 0
0+0 0

GC b 0 0 0 0 0 0

GH 2b 0 Fb-1/2Fx 0 0 0 0
0+0 0

HG 2b 0 -1/2Fx 0 0 0 0

HI 2b 0 0 0 0 0 0
0+0 0

IH 2b 0 0 0 0 0 0

IE b 0 Fb+3/2Fx 0 0 0 0
0+0 0

EI b 0 -5/2Fb+3/2Fx 0 0 0 0

A cedimento nodo -H1AuA Fb2/EJ

totali 7/3Fb2/EJ Xb/EJ

iperstatica X=WBC -7/3Fb
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LXX
AB = ∫

o

b( x2/b2 )  1/EJ dx = [1/3 x3/b2 ]
o

b
  1/EJ 

        = (1/3 b )  1/EJ  = 1/3  b/EJ

LXX
BA = ∫

o

b(1 -2 x/b + x2/b2 )  1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
  1/EJ 

        = ( b - b +1/3 b )  1/EJ  = 1/3  b/EJ

LXX
BC = ∫

o

b(1 - x/b +1/4 x2/b2 )  1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
  1/EJ 

        = ( b -1/2 b +1/12 b )  1/EJ  = 7/12  b/EJ

LXX
CB = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 )  1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
  1/EJ 

        = (1/4 b +1/4 b +1/12 b )  1/EJ  = 7/12  b/EJ

LXX
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 )  1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
  1/EJ 

        = (1/4 b -1/4 b +1/12 b )  1/EJ  = 1/12  b/EJ

LXX
DC = ∫

o

b(1/4 x2/b2 )  1/EJ dx = [1/12 x3/b2 ]
o

b
  1/EJ 

        = (1/12 b )  1/EJ  = 1/12  b/EJ

LXo
AB = ∫

o

b(1/2 x2/b2 -1/2 x3/b3 ) Fb 1/EJ dx = [1/6 x3/b2 -1/8 x4/b3 ]
o

b
 Fb 1/EJ 

        = (1/6 b -1/8 b ) Fb 1/EJ  = 1/24  Fb2/EJ

LXo
BA = ∫

o

b(1/2 x/b - x2/b2 +1/2 x3/b3 ) Fb 1/EJ dx = [1/4 x2/b -1/3 x3/b2 +1/8 x4/b3 ]
o

b
 Fb 1/EJ 

        = (1/4 b -1/3 b +1/8 b ) Fb 1/EJ  = 1/24  Fb2/EJ

LXo
BC = ∫

o

b(5/4 x/b -5/8 x2/b2 ) Fb 1/EJ dx +  ∫
o

b(1 -1/2 x/b ) θ  dx

        = [5/8 x2/b -5/24 x3/b2 ]
o

b
 Fb 1/EJ  + [ x -1/4 x2/b ]

o

b
 θ  

        = (5/8 b -5/24 b ) Fb 1/EJ  + ( b -1/4 b ) θ   = 7/6  Fb2/EJ

LXo
CB = ∫

o

b(5/8 -5/8 x2/b2 ) Fb 1/EJ dx +  ∫
o

b(-1/2 -1/2 x/b ) θ  dx

        = [5/8 x -5/24 x3/b2 ]
o

b
 Fb 1/EJ  + [-1/2 x -1/4 x2/b ]

o

b
 θ  

        = (5/8 b -5/24 b ) Fb 1/EJ  + (-1/2 b -1/4 b ) θ   = 7/6  Fb2/EJ

LXo
CD = ∫

o

b(3/8 -3/4 x/b +3/8 x2/b2 ) Fb 1/EJ dx = [3/8 x -3/8 x2/b +1/8 x3/b2 ]
o

b
 Fb 1/EJ 

        = (3/8 b -3/8 b +1/8 b ) Fb 1/EJ  = 1/8  Fb2/EJ

LXo
DC = ∫

o

b(3/8 x2/b2 ) Fb 1/EJ dx = [1/8 x3/b2 ]
o

b
 Fb 1/EJ 

        = (1/8 b ) Fb 1/EJ  = 1/8  Fb2/EJ
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Quadro contributi PLV per iperstatica X=HA

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -x 1/2qx2 -Fb/EJ -1/2qx3 Fxb/EJ x2

(-1/8+1/2)Fb3/EJ 1/3Xb3/EJ
BA b b-x -1/2Fb+Fx-1/2qx2 Fb/EJ -1/2Fb2+3/2Fbx-3/2Fx2+1/2qx3 Fb2/EJ-Fxb/EJ b2-2bx+x2

BC b -b+1/2x 1/2Fb-3/2Fx 0 -1/2Fb2+7/4Fbx-3/4Fx2 0 b2-bx+1/4x2

(1/8+0)Fb3/EJ 7/12Xb3/EJ
CB b 1/2b+1/2x Fb-3/2Fx 0 1/2Fb2-1/4Fbx-3/4Fx2 0 1/4b2+1/2bx+1/4x2

CD b -1/2b+1/2x -1/2Fb+1/2Fx 0 1/4Fb2-1/2Fbx+1/4Fx2 0 1/4b2-1/2bx+1/4x2

(1/12+0)Fb3/EJ 1/12Xb3/EJ
DC b 1/2x 1/2Fx 0 1/4Fx2 0 1/4x2

DE b 0 1/2Fx-1/2qx2 0 0 0 0
0+0 0

ED b 0 -1/2Fx+1/2qx2 0 0 0 0

EF b 0 5/2Fb-5/2Fx 0 0 0 0
0+0 0

FE b 0 -5/2Fx 0 0 0 0

FC b 0 1/2Fx 0 0 0 0
0+0 0

CF b 0 -1/2Fb+1/2Fx 0 0 0 0

CG b 0 0 0 0 0 0
0+0 0

GC b 0 0 0 0 0 0

GH 2b 0 Fb-1/2Fx 0 0 0 0
0+0 0

HG 2b 0 -1/2Fx 0 0 0 0

HI 2b 0 0 0 0 0 0
0+0 0

IH 2b 0 0 0 0 0 0

IE b 0 Fb+3/2Fx 0 0 0 0
0+0 0

EI b 0 -5/2Fb+3/2Fx 0 0 0 0

D cedimento nodo -H1DuD -Fb3/EJ

totali -5/12Fb3/EJ Xb3/EJ

iperstatica X=HA 5/12F
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BA = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BC = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CB = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
DC = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXo
AB = ∫

o

b(-1/2 x3/b3 ) Fb2 1/EJ dx +  ∫
o

b( x/b ) θ  dx = [-1/8 x4/b3 ]
o

b
 Fb2 1/EJ  + [1/2 x2/b ]

o

b
 θ  

        = (-1/8 b ) Fb2 1/EJ  + (1/2 b ) θ   = 3/8  Fb3/EJ

LXo
BA = ∫

o

b(-1/2 +3/2 x/b -3/2 x2/b2 +1/2 x3/b3 ) Fb2 1/EJ dx +  ∫
o

b(-1 + x/b ) θ  dx

        = [-1/2 x +3/4 x2/b -1/2 x3/b2 +1/8 x4/b3 ]
o

b
 Fb2 1/EJ  + [- x +1/2 x2/b ]

o

b
 θ  

        = (-1/2 b +3/4 b -1/2 b +1/8 b ) Fb2 1/EJ  + (- b +1/2 b ) θ   = 3/8  Fb3/EJ

LXo
BC = ∫

o

b(-1/2 +7/4 x/b -3/4 x2/b2 ) Fb2 1/EJ dx = [-1/2 x +7/8 x2/b -1/4 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-1/2 b +7/8 b -1/4 b ) Fb2 1/EJ  = 1/8  Fb3/EJ

LXo
CB = ∫

o

b(1/2 -1/4 x/b -3/4 x2/b2 ) Fb2 1/EJ dx = [1/2 x -1/8 x2/b -1/4 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/2 b -1/8 b -1/4 b ) Fb2 1/EJ  = 1/8  Fb3/EJ

LXo
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) Fb2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) Fb2 1/EJ  = 1/12  Fb3/EJ

LXo
DC = ∫

o

b(1/4 x2/b2 ) Fb2 1/EJ dx = [1/12 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/12 b ) Fb2 1/EJ  = 1/12  Fb3/EJ
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Quadro contributi PLV per iperstatica X=HA

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -x 0 0 0 0 x2

0+0 1/3Xb3/EJ
BA b b-x 0 0 0 0 b2-2bx+x2

BC b -b+1/2x -3/4Fx -Fb/EJ 3/4Fbx-3/8Fx2 Fb2/EJ-1/2Fxb/EJ b2-bx+1/4x2

(1/4+3/4)Fb3/EJ 7/12Xb3/EJ
CB b 1/2b+1/2x 3/4Fb-3/4Fx Fb/EJ 3/8Fb2-3/8Fx2 1/2Fb2/EJ+1/2Fxb/EJ 1/4b2+1/2bx+1/4x2

CD b -1/2b+1/2x -3/4Fb+3/4Fx 0 3/8Fb2-3/4Fbx+3/8Fx2 0 1/4b2-1/2bx+1/4x2

(1/8+0)Fb3/EJ 1/12Xb3/EJ
DC b 1/2x 3/4Fx 0 3/8Fx2 0 1/4x2

DE b 0 0 0 0 0 0
0+0 0

ED b 0 0 0 0 0 0

EF b 0 13/4Fb-13/4Fx 0 0 0 0
0+0 0

FE b 0 -13/4Fx 0 0 0 0

FC b 0 0 0 0 0 0
0+0 0

CF b 0 0 0 0 0 0

CG b 0 -3Fx+1/2qx2 0 0 0 0
0+0 0

GC b 0 5/2Fb-2Fx-1/2qx2 0 0 0 0

GH 2b 0 -3/2Fb+3/4Fx 0 0 0 0
0+0 0

HG 2b 0 3/4Fx 0 0 0 0

HI 2b 0 2Fx-1/2qx2 0 0 0 0
0+0 0

IH 2b 0 -2Fb+1/2qx2 0 0 0 0

IE b 0 3Fb+1/4Fx 0 0 0 0
0+0 0

EI b 0 -13/4Fb+1/4Fx 0 0 0 0

A cedimento nodo -H1AuA Fb3/EJ

totali 17/8Fb3/EJ Xb3/EJ

iperstatica X=HA -17/8F
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BA = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BC = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CB = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
DC = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXo
BC = ∫

o

b(3/4 x/b -3/8 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(1 -1/2 x/b ) θ  dx

        = [3/8 x2/b -1/8 x3/b2 ]
o

b
 Fb2 1/EJ  + [ x -1/4 x2/b ]

o

b
 θ  

        = (3/8 b -1/8 b ) Fb2 1/EJ  + ( b -1/4 b ) θ   =   Fb3/EJ

LXo
CB = ∫

o

b(3/8 -3/8 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(-1/2 -1/2 x/b ) θ  dx

        = [3/8 x -1/8 x3/b2 ]
o

b
 Fb2 1/EJ  + [-1/2 x -1/4 x2/b ]

o

b
 θ  

        = (3/8 b -1/8 b ) Fb2 1/EJ  + (-1/2 b -1/4 b ) θ   =   Fb3/EJ

LXo
CD = ∫

o

b(3/8 -3/4 x/b +3/8 x2/b2 ) Fb2 1/EJ dx = [3/8 x -3/8 x2/b +1/8 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (3/8 b -3/8 b +1/8 b ) Fb2 1/EJ  = 1/8  Fb3/EJ

LXo
DC = ∫

o

b(3/8 x2/b2 ) Fb2 1/EJ dx = [1/8 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/8 b ) Fb2 1/EJ  = 1/8  Fb3/EJ

ESΣ01.xxxx.042
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Quadro contributi PLV per iperstatica X=WBC

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -x/b 0 0 0 0 x2/b2

0+0 1/3Xb/EJ
BA b 1-x/b 0 0 0 0 1-2x/b+x2/b2

BC b -1+1/2x/b -3/4Fx -Fb/EJ 3/4Fx-3/8Fx2/b Fb/EJ-1/2Fx/EJ 1-x/b+1/4x2/b2

(1/4+3/4)Fb2/EJ 7/12Xb/EJ
CB b 1/2+1/2x/b 3/4Fb-3/4Fx Fb/EJ 3/8Fb-3/8Fx2/b 1/2Fb/EJ+1/2Fx/EJ 1/4+1/2x/b+1/4x2/b2

CD b -1/2+1/2x/b -3/4Fb+3/4Fx 0 3/8Fb-3/4Fx+3/8Fx2/b 0 1/4-1/2x/b+1/4x2/b2

(1/8+0)Fb2/EJ 1/12Xb/EJ
DC b 1/2x/b 3/4Fx 0 3/8Fx2/b 0 1/4x2/b2

DE b 0 0 0 0 0 0
0+0 0

ED b 0 0 0 0 0 0

EF b 0 7/2Fb-4Fx+1/2qx2 0 0 0 0
0+0 0

FE b 0 -3Fx-1/2qx2 0 0 0 0

FC b 0 0 0 0 0 0
0+0 0

CF b 0 0 0 0 0 0

CG b 0 -2Fx 0 0 0 0
0+0 0

GC b 0 2Fb-2Fx 0 0 0 0

GH 2b 0 -Fb+1/2Fx 0 0 0 0
0+0 0

HG 2b 0 1/2Fx 0 0 0 0

HI 2b 0 2Fx-1/2qx2 0 0 0 0
0+0 0

IH 2b 0 -2Fb+1/2qx2 0 0 0 0

IE b 0 3Fb+1/2Fx 0 0 0 0
0+0 0

EI b 0 -7/2Fb+1/2Fx 0 0 0 0

D cedimento nodo -H1DuD -Fb2/EJ

totali 1/8Fb2/EJ Xb/EJ

iperstatica X=WBC -1/8Fb

ESΣ01.xxxx.049PROCEDIMENTO E RISULTATI 280338
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b( x2/b2 )  1/EJ dx = [1/3 x3/b2 ]
o

b
  1/EJ 

        = (1/3 b )  1/EJ  = 1/3  b/EJ

LXX
BA = ∫

o

b(1 -2 x/b + x2/b2 )  1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
  1/EJ 

        = ( b - b +1/3 b )  1/EJ  = 1/3  b/EJ

LXX
BC = ∫

o

b(1 - x/b +1/4 x2/b2 )  1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
  1/EJ 

        = ( b -1/2 b +1/12 b )  1/EJ  = 7/12  b/EJ

LXX
CB = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 )  1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
  1/EJ 

        = (1/4 b +1/4 b +1/12 b )  1/EJ  = 7/12  b/EJ

LXX
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 )  1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
  1/EJ 

        = (1/4 b -1/4 b +1/12 b )  1/EJ  = 1/12  b/EJ

LXX
DC = ∫

o

b(1/4 x2/b2 )  1/EJ dx = [1/12 x3/b2 ]
o

b
  1/EJ 

        = (1/12 b )  1/EJ  = 1/12  b/EJ

LXo
BC = ∫

o

b(3/4 x/b -3/8 x2/b2 ) Fb 1/EJ dx +  ∫
o

b(1 -1/2 x/b ) θ  dx

        = [3/8 x2/b -1/8 x3/b2 ]
o

b
 Fb 1/EJ  + [ x -1/4 x2/b ]

o

b
 θ  

        = (3/8 b -1/8 b ) Fb 1/EJ  + ( b -1/4 b ) θ   =   Fb2/EJ

LXo
CB = ∫

o

b(3/8 -3/8 x2/b2 ) Fb 1/EJ dx +  ∫
o

b(-1/2 -1/2 x/b ) θ  dx

        = [3/8 x -1/8 x3/b2 ]
o

b
 Fb 1/EJ  + [-1/2 x -1/4 x2/b ]

o

b
 θ  

        = (3/8 b -1/8 b ) Fb 1/EJ  + (-1/2 b -1/4 b ) θ   =   Fb2/EJ

LXo
CD = ∫

o

b(3/8 -3/4 x/b +3/8 x2/b2 ) Fb 1/EJ dx = [3/8 x -3/8 x2/b +1/8 x3/b2 ]
o

b
 Fb 1/EJ 

        = (3/8 b -3/8 b +1/8 b ) Fb 1/EJ  = 1/8  Fb2/EJ

LXo
DC = ∫

o

b(3/8 x2/b2 ) Fb 1/EJ dx = [1/8 x3/b2 ]
o

b
 Fb 1/EJ 

        = (1/8 b ) Fb 1/EJ  = 1/8  Fb2/EJ

ESΣ01.xxxx.049
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Quadro contributi PLV per iperstatica X=HA

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -x 0 0 0 0 x2

0+0 1/3Xb3/EJ
BA b b-x 0 0 0 0 b2-2bx+x2

BC b -b+1/2x -3/4Fx 0 3/4Fbx-3/8Fx2 0 b2-bx+1/4x2

(1/4+0)Fb3/EJ 7/12Xb3/EJ
CB b 1/2b+1/2x 3/4Fb-3/4Fx 0 3/8Fb2-3/8Fx2 0 1/4b2+1/2bx+1/4x2

CD b -1/2b+1/2x -3/4Fb+3/4Fx -Fb/EJ 3/8Fb2-3/4Fbx+3/8Fx2 1/2Fb2/EJ-1/2Fxb/EJ 1/4b2-1/2bx+1/4x2

(1/8+1/4)Fb3/EJ 1/12Xb3/EJ
DC b 1/2x 3/4Fx Fb/EJ 3/8Fx2 1/2Fxb/EJ 1/4x2

DE b 0 0 0 0 0 0
0+0 0

ED b 0 0 0 0 0 0

EF b 0 7/2Fb-4Fx+1/2qx2 0 0 0 0
0+0 0

FE b 0 -3Fx-1/2qx2 0 0 0 0

FC b 0 0 0 0 0 0
0+0 0

CF b 0 0 0 0 0 0

CG b 0 -2Fx 0 0 0 0
0+0 0

GC b 0 2Fb-2Fx 0 0 0 0

GH 2b 0 -Fb+1/2Fx 0 0 0 0
0+0 0

HG 2b 0 1/2Fx 0 0 0 0

HI 2b 0 2Fx-1/2qx2 0 0 0 0
0+0 0

IH 2b 0 -2Fb+1/2qx2 0 0 0 0

IE b 0 3Fb+1/2Fx 0 0 0 0
0+0 0

EI b 0 -7/2Fb+1/2Fx 0 0 0 0

A cedimento nodo -H1AuA Fb3/EJ

totali 13/8Fb3/EJ Xb3/EJ

iperstatica X=HA -13/8F
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BA = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BC = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CB = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
DC = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXo
BC = ∫

o

b(3/4 x/b -3/8 x2/b2 ) Fb2 1/EJ dx = [3/8 x2/b -1/8 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (3/8 b -1/8 b ) Fb2 1/EJ  = 1/4  Fb3/EJ

LXo
CB = ∫

o

b(3/8 -3/8 x2/b2 ) Fb2 1/EJ dx = [3/8 x -1/8 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (3/8 b -1/8 b ) Fb2 1/EJ  = 1/4  Fb3/EJ

LXo
CD = ∫

o

b(3/8 -3/4 x/b +3/8 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(1/2 -1/2 x/b ) θ  dx

        = [3/8 x -3/8 x2/b +1/8 x3/b2 ]
o

b
 Fb2 1/EJ  + [1/2 x -1/4 x2/b ]

o

b
 θ  

        = (3/8 b -3/8 b +1/8 b ) Fb2 1/EJ  + (1/2 b -1/4 b ) θ   = 3/8  Fb3/EJ

LXo
DC = ∫

o

b(3/8 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(-1/2 x/b ) θ  dx = [1/8 x3/b2 ]
o

b
 Fb2 1/EJ  + [-1/4 x2/b ]

o

b
 θ  

        = (1/8 b ) Fb2 1/EJ  + (-1/4 b ) θ   = 3/8  Fb3/EJ
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Quadro contributi PLV per iperstatica X=VD

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b 2x -15/2Fx 0 -15Fx2 0 4x2

(-5+0)Fb3/EJ 4/3Xb3/EJ
BA b -2b+2x 15/2Fb-15/2Fx 0 -15Fb2+30Fbx-15Fx2 0 4b2-8bx+4x2

BC b 2b-x -15/2Fb+3Fx 0 -15Fb2+27/2Fbx-3Fx2 0 4b2-4bx+x2

(-37/4+0)Fb3/EJ 7/3Xb3/EJ
CB b -b-x 9/2Fb+3Fx 0 -9/2Fb2-15/2Fbx-3Fx2 0 b2+2bx+x2

CD b b-x -9/2Fb+9/2Fx -Fb/EJ -9/2Fb2+9Fbx-9/2Fx2 -Fb2/EJ+Fxb/EJ b2-2bx+x2

(-3/2-1/2)Fb3/EJ 1/3Xb3/EJ
DC b -x 9/2Fx Fb/EJ -9/2Fx2 -Fxb/EJ x2

DE b 0 0 0 0 0 0
0+0 0

ED b 0 0 0 0 0 0

EF b 0 7/2Fb-4Fx+1/2qx2 0 0 0 0
0+0 0

FE b 0 -3Fx-1/2qx2 0 0 0 0

FC b 0 0 0 0 0 0
0+0 0

CF b 0 0 0 0 0 0

CG b 0 -2Fx 0 0 0 0
0+0 0

GC b 0 2Fb-2Fx 0 0 0 0

GH 2b 0 -Fb+1/2Fx 0 0 0 0
0+0 0

HG 2b 0 1/2Fx 0 0 0 0

HI 2b 0 2Fx-1/2qx2 0 0 0 0
0+0 0

IH 2b 0 -2Fb+1/2qx2 0 0 0 0

IE b 0 3Fb+1/2Fx 0 0 0 0
0+0 0

EI b 0 -7/2Fb+1/2Fx 0 0 0 0

D cedimento nodo -H1DuD 2Fb3/EJ

totali -57/4Fb3/EJ 4Xb3/EJ

iperstatica X=VD 57/16F
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b(4 x2/b2 ) b2 1/EJ dx = [4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXX
BA = ∫

o

b(4 -8 x/b +4 x2/b2 ) b2 1/EJ dx = [4 x -4 x2/b +4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -4 b +4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXX
BC = ∫

o

b(4 -4 x/b + x2/b2 ) b2 1/EJ dx = [4 x -2 x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -2 b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
CB = ∫

o

b(1 +2 x/b + x2/b2 ) b2 1/EJ dx = [ x + x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b + b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
CD = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
DC = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXo
AB = ∫

o

b(-15 x2/b2 ) Fb2 1/EJ dx = [-5 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-5 b ) Fb2 1/EJ  = -5  Fb3/EJ

LXo
BA = ∫

o

b(-15 +30 x/b -15 x2/b2 ) Fb2 1/EJ dx = [-15 x +15 x2/b -5 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-15 b +15 b -5 b ) Fb2 1/EJ  = -5  Fb3/EJ

LXo
BC = ∫

o

b(-15 +27/2 x/b -3 x2/b2 ) Fb2 1/EJ dx = [-15 x +27/4 x2/b - x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-15 b +27/4 b - b ) Fb2 1/EJ  = -37/4  Fb3/EJ

LXo
CB = ∫

o

b(-9/2 -15/2 x/b -3 x2/b2 ) Fb2 1/EJ dx = [-9/2 x -15/4 x2/b - x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-9/2 b -15/4 b - b ) Fb2 1/EJ  = -37/4  Fb3/EJ

LXo
CD = ∫

o

b(-9/2 +9 x/b -9/2 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(-1 + x/b ) θ  dx

        = [-9/2 x +9/2 x2/b -3/2 x3/b2 ]
o

b
 Fb2 1/EJ  + [- x +1/2 x2/b ]

o

b
 θ  

        = (-9/2 b +9/2 b -3/2 b ) Fb2 1/EJ  + (- b +1/2 b ) θ   = -2  Fb3/EJ

LXo
DC = ∫

o

b(-9/2 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b( x/b ) θ  dx = [-3/2 x3/b2 ]
o

b
 Fb2 1/EJ  + [1/2 x2/b ]

o

b
 θ  

        = (-3/2 b ) Fb2 1/EJ  + (1/2 b ) θ   = -2  Fb3/EJ

ESΣ01.xxxx.053

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25



E
S

Σ0
1.

xx
xx

.0
69

P
LV

 P
E

R
 C

A
S

A

@
 A

do
lfo

 Z
av

el
an

i R
os

si
, P

ol
ite

cn
ic

o 
di

 M
ila

no
, v

er
s.

27
.0

3.
13

12
.1

2.
25

y,
v,

V
,q

x,
u,

H
,p

bb ϕ,
W

b
b

b

AB

C

D E
F

G
H

I

W

W

F

F

q

q

V
H
 =

 -
F

V
F
 =

 -
F

W
I =

 -
W

 =
 -

F
b

W
G
 =

 -
W

 =
 -

F
b

p H
I =

 -
q 

=
 -

F
/b

p D
E
 =

 -
q 

=
 -

F
/b

θ B
C
 =

 -
θ 

=
 -

αT
/b

 =
 -

bF
/E

J
u D

 =
 -

δ 
=

 -
b3 F

/E
J

E
J A

B
 =

 E
J

E
J B

C
 =

 E
J

E
J C

D
 =

 E
J

E
J D

E
 =

 E
J

E
J E

F
 =

 E
J

E
J F

C
 =

 E
J

E
J C

G
 =

 E
J

E
J G

H
 =

 E
J

E
J H

I =
 E

J
E

J I
E
 =

 E
J

R
ea

zi
on

i i
pe

rs
ta

tic
he

 in
 s

ol
uz

io
ne

:  
X

=
H

A

C
ar

ic
hi

 e
 d

ef
or

m
az

io
ni

 d
at

e 
ha

nn
o 

ve
rs

o 
ef

fic
ac

e 
in

 d
is

eg
no

.
C

al
co

la
re

 r
ea

zi
on

i v
in

co
la

ri 
de

lla
 s

tr
ut

tu
ra

 e
 d

el
le

 a
st

e.
T

ra
cc

ia
re

 i 
di

ag
ra

m
m

i q
uo

ta
ti 

de
lle

 a
zi

on
i i

nt
er

ne
 n

el
le

 a
st

e.
C

ar
ic

hi
 d

i a
st

e 
cu

rv
e 

m
is

ur
at

i i
n 

pr
oi

ez
io

ne
 s

ug
li 

as
si

 x
,y

.
J Y

Z
 -

 x
Y

Z
 -

 θ
Y

Z
  r

ife
rim

en
to

 lo
ca

le
 a

st
a 

Y
Z

 c
on

 o
rig

in
e 

in
 Y

.
C

ur
va

tu
ra

 θ
 a

st
a 

B
C

 p
os

iti
va

 s
e 

co
nv

es
sa

 a
 d

es
tr

a 
co

n 
in

iz
io

 B
.

S
po

st
am

en
to

 o
riz

zo
nt

al
e 

as
so

lu
to

 u
 im

po
st

o 
al

 n
od

o 
D

.

E
S

Σ0
1.

xx
xx

.0
69

R
E

A
Z

IO
N

I 2
38

29
8

@
 A

do
lfo

 Z
av

el
an

i R
os

si
, P

ol
ite

cn
ic

o 
di

 M
ila

no
, v

er
s.

27
.0

3.
13

12
.1

2.
25

67
/4

8F 7/
24

F

67
/4

8F

7/
24

F
7/

24
F

b

A
B

67
/4

8F

7/
24

F
7/

24
F

b

67
/4

8F

7/
24

F
53

/4
8F

b

BC

29
/4

8F

67
/2

4F
29

/4
8F

b

29
/4

8F

67
/2

4F

CD

4F

1/
2F

4F 1/
2F

D
E

7/
2F

1/
2F7/

2F
b

7/
2F

1/
2F

E F

5/
2F 1/

2F

5/
2F

1/
2F1/

2F
b

F
C

1/
2F

2F

1/
2F

2F
2F

b

C
G

1/
2F

2F
F

b1/
2F

2F

GH1/
2F

2F

1/
2F 2F

b

H
I

1/
2F

3F
b 1/
2F

7/
2F

b

I E



ESΣ01.xxxx.069AZIONI INTERNE 238298

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

67
/4

8

7/24 67/24

4
4

-1/2

-5
/2

-1
/2

-2

-1
/2

-1
/2

0

 F

7/
24

-67/48
29/48

1/
2

-1
/2

-7/2

1/
2

-2

1/2

2
0

1/2

 F

0
7/

24

7/24
-53/48 -29/48

0

0
0

7/20

0
1/

2
0

-2

-1
0

0
2

37/2

 Fb

ESΣ01.xxxx.069PROCEDIMENTO E RISULTATI 238298

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

A

B

C

D

E
F

G
H

I

W

W

F

F

X

q

q

Schema di calcolo iperstatico

0
0

0
-5/4 -3/4

0

0
0

7/20

0
1/

2
0

-2

-1
0

0
2

37/2

Mo flessione da carichi assegnati

0
-1

-1 -1/2 -1/2
0

0
0

00

0
0

0
0

0 0

0
0

00

Mx flessione da iperstatica X=1



ESΣ01.xxxx.069PROCEDIMENTO E RISULTATI 238298

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Quadro contributi PLV per iperstatica X=HA

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -x 0 0 0 0 x2

0+0 1/3Xb3/EJ
BA b b-x 0 0 0 0 b2-2bx+x2

BC b -b+1/2x -5/4Fx -Fb/EJ 5/4Fbx-5/8Fx2 Fb2/EJ-1/2Fxb/EJ b2-bx+1/4x2

(5/12+3/4)Fb3/EJ 7/12Xb3/EJ
CB b 1/2b+1/2x 5/4Fb-5/4Fx Fb/EJ 5/8Fb2-5/8Fx2 1/2Fb2/EJ+1/2Fxb/EJ 1/4b2+1/2bx+1/4x2

CD b -1/2b+1/2x -3/4Fb+3/4Fx 0 3/8Fb2-3/4Fbx+3/8Fx2 0 1/4b2-1/2bx+1/4x2

(1/8+0)Fb3/EJ 1/12Xb3/EJ
DC b 1/2x 3/4Fx 0 3/8Fx2 0 1/4x2

DE b 0 1/2Fx-1/2qx2 0 0 0 0
0+0 0

ED b 0 -1/2Fx+1/2qx2 0 0 0 0

EF b 0 7/2Fb-7/2Fx 0 0 0 0
0+0 0

FE b 0 -7/2Fx 0 0 0 0

FC b 0 1/2Fx 0 0 0 0
0+0 0

CF b 0 -1/2Fb+1/2Fx 0 0 0 0

CG b 0 -2Fx 0 0 0 0
0+0 0

GC b 0 2Fb-2Fx 0 0 0 0

GH 2b 0 -Fb+1/2Fx 0 0 0 0
0+0 0

HG 2b 0 1/2Fx 0 0 0 0

HI 2b 0 2Fx-1/2qx2 0 0 0 0
0+0 0

IH 2b 0 -2Fb+1/2qx2 0 0 0 0

IE b 0 3Fb+1/2Fx 0 0 0 0
0+0 0

EI b 0 -7/2Fb+1/2Fx 0 0 0 0

D cedimento nodo -H1DuD -Fb3/EJ

totali 7/24Fb3/EJ Xb3/EJ

iperstatica X=HA -7/24F
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BA = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BC = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CB = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
DC = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXo
BC = ∫

o

b(5/4 x/b -5/8 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(1 -1/2 x/b ) θ  dx

        = [5/8 x2/b -5/24 x3/b2 ]
o

b
 Fb2 1/EJ  + [ x -1/4 x2/b ]

o

b
 θ  

        = (5/8 b -5/24 b ) Fb2 1/EJ  + ( b -1/4 b ) θ   = 7/6  Fb3/EJ

LXo
CB = ∫

o

b(5/8 -5/8 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(-1/2 -1/2 x/b ) θ  dx

        = [5/8 x -5/24 x3/b2 ]
o

b
 Fb2 1/EJ  + [-1/2 x -1/4 x2/b ]

o

b
 θ  

        = (5/8 b -5/24 b ) Fb2 1/EJ  + (-1/2 b -1/4 b ) θ   = 7/6  Fb3/EJ

LXo
CD = ∫

o

b(3/8 -3/4 x/b +3/8 x2/b2 ) Fb2 1/EJ dx = [3/8 x -3/8 x2/b +1/8 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (3/8 b -3/8 b +1/8 b ) Fb2 1/EJ  = 1/8  Fb3/EJ

LXo
DC = ∫

o

b(3/8 x2/b2 ) Fb2 1/EJ dx = [1/8 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/8 b ) Fb2 1/EJ  = 1/8  Fb3/EJ
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Quadro contributi PLV per iperstatica X=HA

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -x 0 -Fb/EJ 0 Fxb/EJ x2

(0+1/2)Fb3/EJ 1/3Xb3/EJ
BA b b-x 0 Fb/EJ 0 Fb2/EJ-Fxb/EJ b2-2bx+x2

BC b -b+1/2x -3/4Fx 0 3/4Fbx-3/8Fx2 0 b2-bx+1/4x2

(1/4+0)Fb3/EJ 7/12Xb3/EJ
CB b 1/2b+1/2x 3/4Fb-3/4Fx 0 3/8Fb2-3/8Fx2 0 1/4b2+1/2bx+1/4x2

CD b -1/2b+1/2x -3/4Fb+3/4Fx 0 3/8Fb2-3/4Fbx+3/8Fx2 0 1/4b2-1/2bx+1/4x2

(1/8+0)Fb3/EJ 1/12Xb3/EJ
DC b 1/2x 3/4Fx 0 3/8Fx2 0 1/4x2

DE b 0 0 0 0 0 0
0+0 0

ED b 0 0 0 0 0 0

EF b 0 13/4Fb-13/4Fx 0 0 0 0
0+0 0

FE b 0 -13/4Fx 0 0 0 0

FC b 0 0 0 0 0 0
0+0 0

CF b 0 0 0 0 0 0

CG b 0 -3Fx+1/2qx2 0 0 0 0
0+0 0

GC b 0 5/2Fb-2Fx-1/2qx2 0 0 0 0

GH 2b 0 -3/2Fb+3/4Fx 0 0 0 0
0+0 0

HG 2b 0 3/4Fx 0 0 0 0

HI 2b 0 2Fx-1/2qx2 0 0 0 0
0+0 0

IH 2b 0 -2Fb+1/2qx2 0 0 0 0

IE b 0 3Fb+1/4Fx 0 0 0 0
0+0 0

EI b 0 -13/4Fb+1/4Fx 0 0 0 0

A cedimento nodo -H1AuA Fb3/EJ

totali 15/8Fb3/EJ Xb3/EJ

iperstatica X=HA -15/8F
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BA = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BC = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CB = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
DC = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXo
AB =  ∫

o

b( x/b ) θ  dx = [1/2 x2/b ]
o

b
 θ  

        = (1/2 b ) θ   = 1/2  Fb3/EJ

LXo
BA =  ∫

o

b(-1 + x/b ) θ  dx = [- x +1/2 x2/b ]
o

b
 θ  

        = (- b +1/2 b ) θ   = 1/2  Fb3/EJ

LXo
BC = ∫

o

b(3/4 x/b -3/8 x2/b2 ) Fb2 1/EJ dx = [3/8 x2/b -1/8 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (3/8 b -1/8 b ) Fb2 1/EJ  = 1/4  Fb3/EJ

LXo
CB = ∫

o

b(3/8 -3/8 x2/b2 ) Fb2 1/EJ dx = [3/8 x -1/8 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (3/8 b -1/8 b ) Fb2 1/EJ  = 1/4  Fb3/EJ

LXo
CD = ∫

o

b(3/8 -3/4 x/b +3/8 x2/b2 ) Fb2 1/EJ dx = [3/8 x -3/8 x2/b +1/8 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (3/8 b -3/8 b +1/8 b ) Fb2 1/EJ  = 1/8  Fb3/EJ

LXo
DC = ∫

o

b(3/8 x2/b2 ) Fb2 1/EJ dx = [1/8 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/8 b ) Fb2 1/EJ  = 1/8  Fb3/EJ

ESΣ01.xxxx.080
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Quadro contributi PLV per iperstatica X=HA

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -x 0 0 0 0 x2

0+0 1/3Xb3/EJ
BA b b-x 0 0 0 0 b2-2bx+x2

BC b -b+1/2x -1/2Fx -Fb/EJ 1/2Fbx-1/4Fx2 Fb2/EJ-1/2Fxb/EJ b2-bx+1/4x2

(1/6+3/4)Fb3/EJ 7/12Xb3/EJ
CB b 1/2b+1/2x 1/2Fb-1/2Fx Fb/EJ 1/4Fb2-1/4Fx2 1/2Fb2/EJ+1/2Fxb/EJ 1/4b2+1/2bx+1/4x2

CD b -1/2b+1/2x -1/2Fb+1/2Fx 0 1/4Fb2-1/2Fbx+1/4Fx2 0 1/4b2-1/2bx+1/4x2

(1/12+0)Fb3/EJ 1/12Xb3/EJ
DC b 1/2x 1/2Fx 0 1/4Fx2 0 1/4x2

DE b 0 0 0 0 0 0
0+0 0

ED b 0 0 0 0 0 0

EF b 0 9/4Fb-11/4Fx+1/2qx2 0 0 0 0
0+0 0

FE b 0 -7/4Fx-1/2qx2 0 0 0 0

FC b 0 0 0 0 0 0
0+0 0

CF b 0 0 0 0 0 0

CG b 0 -Fx+1/2qx2 0 0 0 0
0+0 0

GC b 0 1/2Fb-1/2qx2 0 0 0 0

GH 2b 0 1/2Fb-1/4Fx 0 0 0 0
0+0 0

HG 2b 0 -1/4Fx 0 0 0 0

HI 2b 0 0 0 0 0 0
0+0 0

IH 2b 0 0 0 0 0 0

IE b 0 Fb+5/4Fx 0 0 0 0
0+0 0

EI b 0 -9/4Fb+5/4Fx 0 0 0 0

A cedimento nodo -H1AuA Fb3/EJ

totali 2Fb3/EJ Xb3/EJ

iperstatica X=HA -2F
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BA = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BC = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CB = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
DC = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXo
BC = ∫

o

b(1/2 x/b -1/4 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(1 -1/2 x/b ) θ  dx

        = [1/4 x2/b -1/12 x3/b2 ]
o

b
 Fb2 1/EJ  + [ x -1/4 x2/b ]

o

b
 θ  

        = (1/4 b -1/12 b ) Fb2 1/EJ  + ( b -1/4 b ) θ   = 11/12  Fb3/EJ

LXo
CB = ∫

o

b(1/4 -1/4 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(-1/2 -1/2 x/b ) θ  dx

        = [1/4 x -1/12 x3/b2 ]
o

b
 Fb2 1/EJ  + [-1/2 x -1/4 x2/b ]

o

b
 θ  

        = (1/4 b -1/12 b ) Fb2 1/EJ  + (-1/2 b -1/4 b ) θ   = 11/12  Fb3/EJ

LXo
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) Fb2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) Fb2 1/EJ  = 1/12  Fb3/EJ

LXo
DC = ∫

o

b(1/4 x2/b2 ) Fb2 1/EJ dx = [1/12 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/12 b ) Fb2 1/EJ  = 1/12  Fb3/EJ

ESΣ01.xxxx.084

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25



E
S

Σ0
1.

xx
xx

.0
86

P
LV

 P
E

R
 C

A
S

A

@
 A

do
lfo

 Z
av

el
an

i R
os

si
, P

ol
ite

cn
ic

o 
di

 M
ila

no
, v

er
s.

27
.0

3.
13

12
.1

2.
25

y,
v,

V
,q

x,
u,

H
,p

bb ϕ,
W

b
b

b

AB

C

D E
F

G
H

I

W

W

F

F

q

q

V
H
 =

 -
F

V
F
 =

 -
F

W
I =

 -
W

 =
 -

F
b

W
G
 =

 -
W

 =
 -

F
b

p C
G
 =

 -
q 

=
 -

F
/b

q E
F
 =

 -
q 

=
 -

F
/b

θ A
B
 =

 -
θ 

=
 -

αT
/b

 =
 -

bF
/E

J
u A

 =
 -

δ 
=

 -
b3 F

/E
J

E
J A

B
 =

 E
J

E
J B

C
 =

 E
J

E
J C

D
 =

 E
J

E
J D

E
 =

 E
J

E
J E

F
 =

 E
J

E
J F

C
 =

 E
J

E
J C

G
 =

 E
J

E
J G

H
 =

 E
J

E
J H

I =
 E

J
E

J I
E
 =

 E
J

R
ea

zi
on

i i
pe

rs
ta

tic
he

 in
 s

ol
uz

io
ne

:  
X

=
H

A

C
ar

ic
hi

 e
 d

ef
or

m
az

io
ni

 d
at

e 
ha

nn
o 

ve
rs

o 
ef

fic
ac

e 
in

 d
is

eg
no

.
C

al
co

la
re

 r
ea

zi
on

i v
in

co
la

ri 
de

lla
 s

tr
ut

tu
ra

 e
 d

el
le

 a
st

e.
T

ra
cc

ia
re

 i 
di

ag
ra

m
m

i q
uo

ta
ti 

de
lle

 a
zi

on
i i

nt
er

ne
 n

el
le

 a
st

e.
C

ar
ic

hi
 d

i a
st

e 
cu

rv
e 

m
is

ur
at

i i
n 

pr
oi

ez
io

ne
 s

ug
li 

as
si

 x
,y

.
J Y

Z
 -

 x
Y

Z
 -

 θ
Y

Z
  r

ife
rim

en
to

 lo
ca

le
 a

st
a 

Y
Z

 c
on

 o
rig

in
e 

in
 Y

.
C

ur
va

tu
ra

 θ
 a

st
a 

A
B

 p
os

iti
va

 s
e 

co
nv

es
sa

 a
 d

es
tr

a 
co

n 
in

iz
io

 A
.

S
po

st
am

en
to

 o
riz

zo
nt

al
e 

as
so

lu
to

 u
 im

po
st

o 
al

 n
od

o 
A

.

E
S

Σ0
1.

xx
xx

.0
86

R
E

A
Z

IO
N

I 2
37

50
4

@
 A

do
lfo

 Z
av

el
an

i R
os

si
, P

ol
ite

cn
ic

o 
di

 M
ila

no
, v

er
s.

27
.0

3.
13

12
.1

2.
25

11
/8

F 7/
4F

11
/8

F

7/
4F7/

4F
b

A
B

11
/8

F

7/
4F 7/

4F
b

11
/8

F

7/
4F3/

8F
b

BC

3/
8F

11
/4

F
3/

8F
b

3/
8F

11
/4

F

CD
4F

D
E

11
/4

F
9/

4F
b

7/
4F

E F

3/
4F

F
C

1/
4F

F

1/
4F

1/
2F

b

C
G

1/
4F

1/
2F

b

1/
4F

GH

5/
4F

H
I

5/
4F

F
b 5/

4F
9/

4F
b

I E



ESΣ01.xxxx.086AZIONI INTERNE 237504

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

11
/8

7/4 11/4

4

00

-3
/4

1/
4

1/
4

0

-5
/4

0

 F

7/
4

-11/8 -3/8

0

-11/4-7/4

0
-1

0 -1/4

0

5/4

 F

0
7/

4

7/4 3/8 3/8 0

0
0

9/40

0
0

0
-1

/2

1/2 0

0
0

19/4

 Fb

ESΣ01.xxxx.086PROCEDIMENTO E RISULTATI 237504

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

A

B

C

D

E
F

G
H

I

W

W

F

F

X

q

q

Schema di calcolo iperstatico

0
0

0
-1/2 -1/2

0

0
0

9/40

0
0

0
-1

/2

1/2 0

0
0

19/4

Mo flessione da carichi assegnati

0
-1

-1 -1/2 -1/2
0

0
0

00

0
0

0
0

0 0

0
0

00

Mx flessione da iperstatica X=1



ESΣ01.xxxx.086PROCEDIMENTO E RISULTATI 237504

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Quadro contributi PLV per iperstatica X=HA

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -x 0 -Fb/EJ 0 Fxb/EJ x2

(0+1/2)Fb3/EJ 1/3Xb3/EJ
BA b b-x 0 Fb/EJ 0 Fb2/EJ-Fxb/EJ b2-2bx+x2

BC b -b+1/2x -1/2Fx 0 1/2Fbx-1/4Fx2 0 b2-bx+1/4x2

(1/6+0)Fb3/EJ 7/12Xb3/EJ
CB b 1/2b+1/2x 1/2Fb-1/2Fx 0 1/4Fb2-1/4Fx2 0 1/4b2+1/2bx+1/4x2

CD b -1/2b+1/2x -1/2Fb+1/2Fx 0 1/4Fb2-1/2Fbx+1/4Fx2 0 1/4b2-1/2bx+1/4x2

(1/12+0)Fb3/EJ 1/12Xb3/EJ
DC b 1/2x 1/2Fx 0 1/4Fx2 0 1/4x2

DE b 0 0 0 0 0 0
0+0 0

ED b 0 0 0 0 0 0

EF b 0 9/4Fb-11/4Fx+1/2qx2 0 0 0 0
0+0 0

FE b 0 -7/4Fx-1/2qx2 0 0 0 0

FC b 0 0 0 0 0 0
0+0 0

CF b 0 0 0 0 0 0

CG b 0 -Fx+1/2qx2 0 0 0 0
0+0 0

GC b 0 1/2Fb-1/2qx2 0 0 0 0

GH 2b 0 1/2Fb-1/4Fx 0 0 0 0
0+0 0

HG 2b 0 -1/4Fx 0 0 0 0

HI 2b 0 0 0 0 0 0
0+0 0

IH 2b 0 0 0 0 0 0

IE b 0 Fb+5/4Fx 0 0 0 0
0+0 0

EI b 0 -9/4Fb+5/4Fx 0 0 0 0

A cedimento nodo -H1AuA Fb3/EJ

totali 7/4Fb3/EJ Xb3/EJ

iperstatica X=HA -7/4F
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BA = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BC = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CB = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
DC = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXo
AB =  ∫

o

b( x/b ) θ  dx = [1/2 x2/b ]
o

b
 θ  

        = (1/2 b ) θ   = 1/2  Fb3/EJ

LXo
BA =  ∫

o

b(-1 + x/b ) θ  dx = [- x +1/2 x2/b ]
o

b
 θ  

        = (- b +1/2 b ) θ   = 1/2  Fb3/EJ

LXo
BC = ∫

o

b(1/2 x/b -1/4 x2/b2 ) Fb2 1/EJ dx = [1/4 x2/b -1/12 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/4 b -1/12 b ) Fb2 1/EJ  = 1/6  Fb3/EJ

LXo
CB = ∫

o

b(1/4 -1/4 x2/b2 ) Fb2 1/EJ dx = [1/4 x -1/12 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/4 b -1/12 b ) Fb2 1/EJ  = 1/6  Fb3/EJ

LXo
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) Fb2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) Fb2 1/EJ  = 1/12  Fb3/EJ

LXo
DC = ∫

o

b(1/4 x2/b2 ) Fb2 1/EJ dx = [1/12 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/12 b ) Fb2 1/EJ  = 1/12  Fb3/EJ
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Quadro contributi PLV per iperstatica X=HA

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -x 0 0 0 0 x2

0+0 1/3Xb3/EJ
BA b b-x 0 0 0 0 b2-2bx+x2

BC b -b+1/2x -1/2Fx 0 1/2Fbx-1/4Fx2 0 b2-bx+1/4x2

(1/6+0)Fb3/EJ 7/12Xb3/EJ
CB b 1/2b+1/2x 1/2Fb-1/2Fx 0 1/4Fb2-1/4Fx2 0 1/4b2+1/2bx+1/4x2

CD b -1/2b+1/2x -1/2Fb+1/2Fx -Fb/EJ 1/4Fb2-1/2Fbx+1/4Fx2 1/2Fb2/EJ-1/2Fxb/EJ 1/4b2-1/2bx+1/4x2

(1/12+1/4)Fb3/EJ 1/12Xb3/EJ
DC b 1/2x 1/2Fx Fb/EJ 1/4Fx2 1/2Fxb/EJ 1/4x2

DE b 0 0 0 0 0 0
0+0 0

ED b 0 0 0 0 0 0

EF b 0 9/4Fb-11/4Fx+1/2qx2 0 0 0 0
0+0 0

FE b 0 -7/4Fx-1/2qx2 0 0 0 0

FC b 0 0 0 0 0 0
0+0 0

CF b 0 0 0 0 0 0

CG b 0 -Fx+1/2qx2 0 0 0 0
0+0 0

GC b 0 1/2Fb-1/2qx2 0 0 0 0

GH 2b 0 1/2Fb-1/4Fx 0 0 0 0
0+0 0

HG 2b 0 -1/4Fx 0 0 0 0

HI 2b 0 0 0 0 0 0
0+0 0

IH 2b 0 0 0 0 0 0

IE b 0 Fb+5/4Fx 0 0 0 0
0+0 0

EI b 0 -9/4Fb+5/4Fx 0 0 0 0

D cedimento nodo -H1DuD -Fb3/EJ

totali -1/2Fb3/EJ Xb3/EJ

iperstatica X=HA 1/2F
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BA = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BC = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CB = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
DC = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXo
BC = ∫

o

b(1/2 x/b -1/4 x2/b2 ) Fb2 1/EJ dx = [1/4 x2/b -1/12 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/4 b -1/12 b ) Fb2 1/EJ  = 1/6  Fb3/EJ

LXo
CB = ∫

o

b(1/4 -1/4 x2/b2 ) Fb2 1/EJ dx = [1/4 x -1/12 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/4 b -1/12 b ) Fb2 1/EJ  = 1/6  Fb3/EJ

LXo
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(1/2 -1/2 x/b ) θ  dx

        = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 Fb2 1/EJ  + [1/2 x -1/4 x2/b ]

o

b
 θ  

        = (1/4 b -1/4 b +1/12 b ) Fb2 1/EJ  + (1/2 b -1/4 b ) θ   = 1/3  Fb3/EJ

LXo
DC = ∫

o

b(1/4 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(-1/2 x/b ) θ  dx = [1/12 x3/b2 ]
o

b
 Fb2 1/EJ  + [-1/4 x2/b ]

o

b
 θ  

        = (1/12 b ) Fb2 1/EJ  + (-1/4 b ) θ   = 1/3  Fb3/EJ
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Quadro contributi PLV per iperstatica X=HA

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -x 0 0 0 0 x2

0+0 1/3Xb3/EJ
BA b b-x 0 0 0 0 b2-2bx+x2

BC b -b+1/2x -1/2Fx -Fb/EJ 1/2Fbx-1/4Fx2 Fb2/EJ-1/2Fxb/EJ b2-bx+1/4x2

(1/6+3/4)Fb3/EJ 7/12Xb3/EJ
CB b 1/2b+1/2x 1/2Fb-1/2Fx Fb/EJ 1/4Fb2-1/4Fx2 1/2Fb2/EJ+1/2Fxb/EJ 1/4b2+1/2bx+1/4x2

CD b -1/2b+1/2x -1/2Fb+Fx-1/2qx2 0 1/4Fb2-3/4Fbx+3/4Fx2-1/4qx3 0 1/4b2-1/2bx+1/4x2

(1/16+0)Fb3/EJ 1/12Xb3/EJ
DC b 1/2x 1/2qx2 0 1/4qx3 0 1/4x2

DE b 0 0 0 0 0 0
0+0 0

ED b 0 0 0 0 0 0

EF b 0 9/4Fb-9/4Fx 0 0 0 0
0+0 0

FE b 0 -9/4Fx 0 0 0 0

FC b 0 0 0 0 0 0
0+0 0

CF b 0 0 0 0 0 0

CG b 0 -Fx+1/2qx2 0 0 0 0
0+0 0

GC b 0 1/2Fb-1/2qx2 0 0 0 0

GH 2b 0 1/2Fb-1/4Fx 0 0 0 0
0+0 0

HG 2b 0 -1/4Fx 0 0 0 0

HI 2b 0 0 0 0 0 0
0+0 0

IH 2b 0 0 0 0 0 0

IE b 0 Fb+5/4Fx 0 0 0 0
0+0 0

EI b 0 -9/4Fb+5/4Fx 0 0 0 0

D cedimento nodo -H1DuD -Fb3/EJ

totali -1/48Fb3/EJ Xb3/EJ

iperstatica X=HA 1/48F
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BA = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BC = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CB = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
DC = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXo
BC = ∫

o

b(1/2 x/b -1/4 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(1 -1/2 x/b ) θ  dx

        = [1/4 x2/b -1/12 x3/b2 ]
o

b
 Fb2 1/EJ  + [ x -1/4 x2/b ]

o

b
 θ  

        = (1/4 b -1/12 b ) Fb2 1/EJ  + ( b -1/4 b ) θ   = 11/12  Fb3/EJ

LXo
CB = ∫

o

b(1/4 -1/4 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(-1/2 -1/2 x/b ) θ  dx

        = [1/4 x -1/12 x3/b2 ]
o

b
 Fb2 1/EJ  + [-1/2 x -1/4 x2/b ]

o

b
 θ  

        = (1/4 b -1/12 b ) Fb2 1/EJ  + (-1/2 b -1/4 b ) θ   = 11/12  Fb3/EJ

LXo
CD = ∫

o

b(1/4 -3/4 x/b +3/4 x2/b2 -1/4 x3/b3 ) Fb2 1/EJ dx

        = [1/4 x -3/8 x2/b +1/4 x3/b2 -1/16 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (1/4 b -3/8 b +1/4 b -1/16 b ) Fb2 1/EJ  = 1/16  Fb3/EJ

LXo
DC = ∫

o

b(1/4 x3/b3 ) Fb2 1/EJ dx = [1/16 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (1/16 b ) Fb2 1/EJ  = 1/16  Fb3/EJ

ESΣ01.xxxx.090
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Quadro contributi PLV per iperstatica X=HA

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -x 0 0 0 0 x2

0+0 1/3Xb3/EJ
BA b b-x 0 0 0 0 b2-2bx+x2

BC b -b+1/2x -Fx -Fb/EJ Fbx-1/2Fx2 Fb2/EJ-1/2Fxb/EJ b2-bx+1/4x2

(1/3+3/4)Fb3/EJ 7/12Xb3/EJ
CB b 1/2b+1/2x Fb-Fx Fb/EJ 1/2Fb2-1/2Fx2 1/2Fb2/EJ+1/2Fxb/EJ 1/4b2+1/2bx+1/4x2

CD b -1/2b+1/2x -Fb+Fx 0 1/2Fb2-Fbx+1/2Fx2 0 1/4b2-1/2bx+1/4x2

(1/6+0)Fb3/EJ 1/12Xb3/EJ
DC b 1/2x Fx 0 1/2Fx2 0 1/4x2

DE b 0 0 0 0 0 0
0+0 0

ED b 0 0 0 0 0 0

EF b 0 11/4Fb-11/4Fx 0 0 0 0
0+0 0

FE b 0 -11/4Fx 0 0 0 0

FC b 0 0 0 0 0 0
0+0 0

CF b 0 0 0 0 0 0

CG b 0 -Fx+1/2qx2 0 0 0 0
0+0 0

GC b 0 1/2Fb-1/2qx2 0 0 0 0

GH 2b 0 1/2Fb-1/4Fx 0 0 0 0
0+0 0

HG 2b 0 -1/4Fx 0 0 0 0

HI 2b 0 0 0 0 0 0
0+0 0

IH 2b 0 0 0 0 0 0

IE b 0 Fb+5/4Fx+1/2qx2 0 0 0 0
0+0 0

EI b 0 -11/4Fb+9/4Fx-1/2qx2 0 0 0 0

A cedimento nodo -H1AuA Fb3/EJ

totali 9/4Fb3/EJ Xb3/EJ

iperstatica X=HA -9/4F
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BA = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BC = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CB = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
DC = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXo
BC = ∫

o

b( x/b -1/2 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(1 -1/2 x/b ) θ  dx

        = [1/2 x2/b -1/6 x3/b2 ]
o

b
 Fb2 1/EJ  + [ x -1/4 x2/b ]

o

b
 θ  

        = (1/2 b -1/6 b ) Fb2 1/EJ  + ( b -1/4 b ) θ   = 13/12  Fb3/EJ

LXo
CB = ∫

o

b(1/2 -1/2 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(-1/2 -1/2 x/b ) θ  dx

        = [1/2 x -1/6 x3/b2 ]
o

b
 Fb2 1/EJ  + [-1/2 x -1/4 x2/b ]

o

b
 θ  

        = (1/2 b -1/6 b ) Fb2 1/EJ  + (-1/2 b -1/4 b ) θ   = 13/12  Fb3/EJ

LXo
CD = ∫

o

b(1/2 - x/b +1/2 x2/b2 ) Fb2 1/EJ dx = [1/2 x -1/2 x2/b +1/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/2 b -1/2 b +1/6 b ) Fb2 1/EJ  = 1/6  Fb3/EJ

LXo
DC = ∫

o

b(1/2 x2/b2 ) Fb2 1/EJ dx = [1/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/6 b ) Fb2 1/EJ  = 1/6  Fb3/EJ

ESΣ01.xxxx.091
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0
0

0
-1 -1

0

0
0

11/40

0
0

0
-1

/2

1/2 0

0
0

111/4

Mo flessione da carichi assegnati

0
-1

-1 -1/2 -1/2
0

0
0

00

0
0

0
0

0 0

0
0

00

Mx flessione da iperstatica X=1



ESΣ01.xxxx.096PROCEDIMENTO E RISULTATI 955615

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Quadro contributi PLV per iperstatica X=HA

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -x 0 0 0 0 x2

0+0 1/3Xb3/EJ
BA b b-x 0 0 0 0 b2-2bx+x2

BC b -b+1/2x -Fx 0 Fbx-1/2Fx2 0 b2-bx+1/4x2

(1/3+0)Fb3/EJ 7/12Xb3/EJ
CB b 1/2b+1/2x Fb-Fx 0 1/2Fb2-1/2Fx2 0 1/4b2+1/2bx+1/4x2

CD b -1/2b+1/2x -Fb+Fx -Fb/EJ 1/2Fb2-Fbx+1/2Fx2 1/2Fb2/EJ-1/2Fxb/EJ 1/4b2-1/2bx+1/4x2

(1/6+1/4)Fb3/EJ 1/12Xb3/EJ
DC b 1/2x Fx Fb/EJ 1/2Fx2 1/2Fxb/EJ 1/4x2

DE b 0 0 0 0 0 0
0+0 0

ED b 0 0 0 0 0 0

EF b 0 11/4Fb-11/4Fx 0 0 0 0
0+0 0

FE b 0 -11/4Fx 0 0 0 0

FC b 0 0 0 0 0 0
0+0 0

CF b 0 0 0 0 0 0

CG b 0 -Fx+1/2qx2 0 0 0 0
0+0 0

GC b 0 1/2Fb-1/2qx2 0 0 0 0

GH 2b 0 1/2Fb-1/4Fx 0 0 0 0
0+0 0

HG 2b 0 -1/4Fx 0 0 0 0

HI 2b 0 0 0 0 0 0
0+0 0

IH 2b 0 0 0 0 0 0

IE b 0 Fb+5/4Fx+1/2qx2 0 0 0 0
0+0 0

EI b 0 -11/4Fb+9/4Fx-1/2qx2 0 0 0 0

D cedimento nodo -H1DuD -Fb3/EJ

totali -1/4Fb3/EJ Xb3/EJ

iperstatica X=HA 1/4F
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BA = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BC = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CB = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
DC = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXo
BC = ∫

o

b( x/b -1/2 x2/b2 ) Fb2 1/EJ dx = [1/2 x2/b -1/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/2 b -1/6 b ) Fb2 1/EJ  = 1/3  Fb3/EJ

LXo
CB = ∫

o

b(1/2 -1/2 x2/b2 ) Fb2 1/EJ dx = [1/2 x -1/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/2 b -1/6 b ) Fb2 1/EJ  = 1/3  Fb3/EJ

LXo
CD = ∫

o

b(1/2 - x/b +1/2 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(1/2 -1/2 x/b ) θ  dx

        = [1/2 x -1/2 x2/b +1/6 x3/b2 ]
o

b
 Fb2 1/EJ  + [1/2 x -1/4 x2/b ]

o

b
 θ  

        = (1/2 b -1/2 b +1/6 b ) Fb2 1/EJ  + (1/2 b -1/4 b ) θ   = 5/12  Fb3/EJ

LXo
DC = ∫

o

b(1/2 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(-1/2 x/b ) θ  dx = [1/6 x3/b2 ]
o

b
 Fb2 1/EJ  + [-1/4 x2/b ]

o

b
 θ  

        = (1/6 b ) Fb2 1/EJ  + (-1/4 b ) θ   = 5/12  Fb3/EJ

ESΣ01.xxxx.096
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Quadro contributi PLV per iperstatica X=VD

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b 2x -6Fx 0 -12Fx2 0 4x2

(-4+0)Fb3/EJ 4/3Xb3/EJ
BA b -2b+2x 6Fb-6Fx 0 -12Fb2+24Fbx-12Fx2 0 4b2-8bx+4x2

BC b 2b-x -6Fb+2Fx -Fb/EJ -12Fb2+10Fbx-2Fx2 -2Fb2/EJ+Fxb/EJ 4b2-4bx+x2

(-23/3-3/2)Fb3/EJ 7/3Xb3/EJ
CB b -b-x 4Fb+2Fx Fb/EJ -4Fb2-6Fbx-2Fx2 -Fb2/EJ-Fxb/EJ b2+2bx+x2

CD b b-x -7/2Fb+7/2Fx 0 -7/2Fb2+7Fbx-7/2Fx2 0 b2-2bx+x2

(-7/6+0)Fb3/EJ 1/3Xb3/EJ
DC b -x 7/2Fx 0 -7/2Fx2 0 x2

DE b 0 0 0 0 0 0
0+0 0

ED b 0 0 0 0 0 0

EF b 0 9/4Fb-9/4Fx 0 0 0 0
0+0 0

FE b 0 -9/4Fx 0 0 0 0

FC b 0 1/2qx2 0 0 0 0
0+0 0

CF b 0 -1/2Fb+Fx-1/2qx2 0 0 0 0

CG b 0 -Fx+1/2qx2 0 0 0 0
0+0 0

GC b 0 1/2Fb-1/2qx2 0 0 0 0

GH 2b 0 1/2Fb-1/4Fx 0 0 0 0
0+0 0

HG 2b 0 -1/4Fx 0 0 0 0

HI 2b 0 0 0 0 0 0
0+0 0

IH 2b 0 0 0 0 0 0

IE b 0 Fb+5/4Fx 0 0 0 0
0+0 0

EI b 0 -9/4Fb+5/4Fx 0 0 0 0

A cedimento nodo -H1AuA -2Fb3/EJ

totali -49/3Fb3/EJ 4Xb3/EJ

iperstatica X=VD 49/12F
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b(4 x2/b2 ) b2 1/EJ dx = [4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXX
BA = ∫

o

b(4 -8 x/b +4 x2/b2 ) b2 1/EJ dx = [4 x -4 x2/b +4/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -4 b +4/3 b ) b2 1/EJ  = 4/3  b3/EJ

LXX
BC = ∫

o

b(4 -4 x/b + x2/b2 ) b2 1/EJ dx = [4 x -2 x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (4 b -2 b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
CB = ∫

o

b(1 +2 x/b + x2/b2 ) b2 1/EJ dx = [ x + x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b + b +1/3 b ) b2 1/EJ  = 7/3  b3/EJ

LXX
CD = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
DC = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXo
AB = ∫

o

b(-12 x2/b2 ) Fb2 1/EJ dx = [-4 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-4 b ) Fb2 1/EJ  = -4  Fb3/EJ

LXo
BA = ∫

o

b(-12 +24 x/b -12 x2/b2 ) Fb2 1/EJ dx = [-12 x +12 x2/b -4 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-12 b +12 b -4 b ) Fb2 1/EJ  = -4  Fb3/EJ

LXo
BC = ∫

o

b(-12 +10 x/b -2 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(-2 + x/b ) θ  dx

        = [-12 x +5 x2/b -2/3 x3/b2 ]
o

b
 Fb2 1/EJ  + [-2 x +1/2 x2/b ]

o

b
 θ  

        = (-12 b +5 b -2/3 b ) Fb2 1/EJ  + (-2 b +1/2 b ) θ   = -55/6  Fb3/EJ

LXo
CB = ∫

o

b(-4 -6 x/b -2 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(1 + x/b ) θ  dx

        = [-4 x -3 x2/b -2/3 x3/b2 ]
o

b
 Fb2 1/EJ  + [ x +1/2 x2/b ]

o

b
 θ  

        = (-4 b -3 b -2/3 b ) Fb2 1/EJ  + ( b +1/2 b ) θ   = -55/6  Fb3/EJ

LXo
CD = ∫

o

b(-7/2 +7 x/b -7/2 x2/b2 ) Fb2 1/EJ dx = [-7/2 x +7/2 x2/b -7/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-7/2 b +7/2 b -7/6 b ) Fb2 1/EJ  = -7/6  Fb3/EJ

LXo
DC = ∫

o

b(-7/2 x2/b2 ) Fb2 1/EJ dx = [-7/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-7/6 b ) Fb2 1/EJ  = -7/6  Fb3/EJ
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Quadro contributi PLV per iperstatica X=HA

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -x 0 0 0 0 x2

0+0 1/3Xb3/EJ
BA b b-x 0 0 0 0 b2-2bx+x2

BC b -b+1/2x -Fx -Fb/EJ Fbx-1/2Fx2 Fb2/EJ-1/2Fxb/EJ b2-bx+1/4x2

(1/3+3/4)Fb3/EJ 7/12Xb3/EJ
CB b 1/2b+1/2x Fb-Fx Fb/EJ 1/2Fb2-1/2Fx2 1/2Fb2/EJ+1/2Fxb/EJ 1/4b2+1/2bx+1/4x2

CD b -1/2b+1/2x -1/2Fb+1/2Fx 0 1/4Fb2-1/2Fbx+1/4Fx2 0 1/4b2-1/2bx+1/4x2

(1/12+0)Fb3/EJ 1/12Xb3/EJ
DC b 1/2x 1/2Fx 0 1/4Fx2 0 1/4x2

DE b 0 1/2Fx-1/2qx2 0 0 0 0
0+0 0

ED b 0 -1/2Fx+1/2qx2 0 0 0 0

EF b 0 9/4Fb-9/4Fx 0 0 0 0
0+0 0

FE b 0 -9/4Fx 0 0 0 0

FC b 0 1/2Fx 0 0 0 0
0+0 0

CF b 0 -1/2Fb+1/2Fx 0 0 0 0

CG b 0 -Fx+1/2qx2 0 0 0 0
0+0 0

GC b 0 1/2Fb-1/2qx2 0 0 0 0

GH 2b 0 1/2Fb-1/4Fx 0 0 0 0
0+0 0

HG 2b 0 -1/4Fx 0 0 0 0

HI 2b 0 0 0 0 0 0
0+0 0

IH 2b 0 0 0 0 0 0

IE b 0 Fb+5/4Fx 0 0 0 0
0+0 0

EI b 0 -9/4Fb+5/4Fx 0 0 0 0

D cedimento nodo -H1DuD -Fb3/EJ

totali 1/6Fb3/EJ Xb3/EJ

iperstatica X=HA -1/6F
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BA = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BC = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CB = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
DC = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXo
BC = ∫

o

b( x/b -1/2 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(1 -1/2 x/b ) θ  dx

        = [1/2 x2/b -1/6 x3/b2 ]
o

b
 Fb2 1/EJ  + [ x -1/4 x2/b ]

o

b
 θ  

        = (1/2 b -1/6 b ) Fb2 1/EJ  + ( b -1/4 b ) θ   = 13/12  Fb3/EJ

LXo
CB = ∫

o

b(1/2 -1/2 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(-1/2 -1/2 x/b ) θ  dx

        = [1/2 x -1/6 x3/b2 ]
o

b
 Fb2 1/EJ  + [-1/2 x -1/4 x2/b ]

o

b
 θ  

        = (1/2 b -1/6 b ) Fb2 1/EJ  + (-1/2 b -1/4 b ) θ   = 13/12  Fb3/EJ

LXo
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) Fb2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) Fb2 1/EJ  = 1/12  Fb3/EJ

LXo
DC = ∫

o

b(1/4 x2/b2 ) Fb2 1/EJ dx = [1/12 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/12 b ) Fb2 1/EJ  = 1/12  Fb3/EJ
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Quadro contributi PLV per iperstatica X=HA

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -x 1/2qx2 0 -1/2qx3 0 x2

(-1/8+0)Fb3/EJ 1/3Xb3/EJ
BA b b-x -1/2Fb+Fx-1/2qx2 0 -1/2Fb2+3/2Fbx-3/2Fx2+1/2qx3 0 b2-2bx+x2

BC b -b+1/2x 1/2Fb-Fx 0 -1/2Fb2+5/4Fbx-1/2Fx2 0 b2-bx+1/4x2

(-1/24+0)Fb3/EJ 7/12Xb3/EJ
CB b 1/2b+1/2x 1/2Fb-Fx 0 1/4Fb2-1/4Fbx-1/2Fx2 0 1/4b2+1/2bx+1/4x2

CD b -1/2b+1/2x -1/2Fb+1/2Fx -Fb/EJ 1/4Fb2-1/2Fbx+1/4Fx2 1/2Fb2/EJ-1/2Fxb/EJ 1/4b2-1/2bx+1/4x2

(1/12+1/4)Fb3/EJ 1/12Xb3/EJ
DC b 1/2x 1/2Fx Fb/EJ 1/4Fx2 1/2Fxb/EJ 1/4x2

DE b 0 0 0 0 0 0
0+0 0

ED b 0 0 0 0 0 0

EF b 0 5/2Fb-3Fx+1/2qx2 0 0 0 0
0+0 0

FE b 0 -2Fx-1/2qx2 0 0 0 0

FC b 0 0 0 0 0 0
0+0 0

CF b 0 0 0 0 0 0

CG b 0 0 0 0 0 0
0+0 0

GC b 0 0 0 0 0 0

GH 2b 0 Fb-1/2Fx 0 0 0 0
0+0 0

HG 2b 0 -1/2Fx 0 0 0 0

HI 2b 0 0 0 0 0 0
0+0 0

IH 2b 0 0 0 0 0 0

IE b 0 Fb+3/2Fx 0 0 0 0
0+0 0

EI b 0 -5/2Fb+3/2Fx 0 0 0 0

D cedimento nodo -H1DuD -Fb3/EJ

totali -5/6Fb3/EJ Xb3/EJ

iperstatica X=HA 5/6F
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BA = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BC = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CB = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
DC = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXo
AB = ∫

o

b(-1/2 x3/b3 ) Fb2 1/EJ dx = [-1/8 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (-1/8 b ) Fb2 1/EJ  = -1/8  Fb3/EJ

LXo
BA = ∫

o

b(-1/2 +3/2 x/b -3/2 x2/b2 +1/2 x3/b3 ) Fb2 1/EJ dx

        = [-1/2 x +3/4 x2/b -1/2 x3/b2 +1/8 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (-1/2 b +3/4 b -1/2 b +1/8 b ) Fb2 1/EJ  = -1/8  Fb3/EJ

LXo
BC = ∫

o

b(-1/2 +5/4 x/b -1/2 x2/b2 ) Fb2 1/EJ dx = [-1/2 x +5/8 x2/b -1/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-1/2 b +5/8 b -1/6 b ) Fb2 1/EJ  = -1/24  Fb3/EJ

LXo
CB = ∫

o

b(1/4 -1/4 x/b -1/2 x2/b2 ) Fb2 1/EJ dx = [1/4 x -1/8 x2/b -1/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/4 b -1/8 b -1/6 b ) Fb2 1/EJ  = -1/24  Fb3/EJ

LXo
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(1/2 -1/2 x/b ) θ  dx

        = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 Fb2 1/EJ  + [1/2 x -1/4 x2/b ]

o

b
 θ  

        = (1/4 b -1/4 b +1/12 b ) Fb2 1/EJ  + (1/2 b -1/4 b ) θ   = 1/3  Fb3/EJ

LXo
DC = ∫

o

b(1/4 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(-1/2 x/b ) θ  dx = [1/12 x3/b2 ]
o

b
 Fb2 1/EJ  + [-1/4 x2/b ]

o

b
 θ  

        = (1/12 b ) Fb2 1/EJ  + (-1/4 b ) θ   = 1/3  Fb3/EJ
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Quadro contributi PLV per iperstatica X=HA

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -x 0 -Fb/EJ 0 Fxb/EJ x2

(0+1/2)Fb3/EJ 1/3Xb3/EJ
BA b b-x 0 Fb/EJ 0 Fb2/EJ-Fxb/EJ b2-2bx+x2

BC b -b+1/2x -3/4Fx 0 3/4Fbx-3/8Fx2 0 b2-bx+1/4x2

(1/4+0)Fb3/EJ 7/12Xb3/EJ
CB b 1/2b+1/2x 3/4Fb-3/4Fx 0 3/8Fb2-3/8Fx2 0 1/4b2+1/2bx+1/4x2

CD b -1/2b+1/2x -3/4Fb+3/4Fx 0 3/8Fb2-3/4Fbx+3/8Fx2 0 1/4b2-1/2bx+1/4x2

(1/8+0)Fb3/EJ 1/12Xb3/EJ
DC b 1/2x 3/4Fx 0 3/8Fx2 0 1/4x2

DE b 0 0 0 0 0 0
0+0 0

ED b 0 0 0 0 0 0

EF b 0 7/2Fb-4Fx+1/2qx2 0 0 0 0
0+0 0

FE b 0 -3Fx-1/2qx2 0 0 0 0

FC b 0 0 0 0 0 0
0+0 0

CF b 0 0 0 0 0 0

CG b 0 -2Fx 0 0 0 0
0+0 0

GC b 0 2Fb-2Fx 0 0 0 0

GH 2b 0 -Fb+1/2Fx 0 0 0 0
0+0 0

HG 2b 0 1/2Fx 0 0 0 0

HI 2b 0 2Fx-1/2qx2 0 0 0 0
0+0 0

IH 2b 0 -2Fb+1/2qx2 0 0 0 0

IE b 0 3Fb+1/2Fx 0 0 0 0
0+0 0

EI b 0 -7/2Fb+1/2Fx 0 0 0 0

A cedimento nodo -H1AuA Fb3/EJ

totali 15/8Fb3/EJ Xb3/EJ

iperstatica X=HA -15/8F
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BA = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BC = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CB = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
DC = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXo
AB =  ∫

o

b( x/b ) θ  dx = [1/2 x2/b ]
o

b
 θ  

        = (1/2 b ) θ   = 1/2  Fb3/EJ

LXo
BA =  ∫

o

b(-1 + x/b ) θ  dx = [- x +1/2 x2/b ]
o

b
 θ  

        = (- b +1/2 b ) θ   = 1/2  Fb3/EJ

LXo
BC = ∫

o

b(3/4 x/b -3/8 x2/b2 ) Fb2 1/EJ dx = [3/8 x2/b -1/8 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (3/8 b -1/8 b ) Fb2 1/EJ  = 1/4  Fb3/EJ

LXo
CB = ∫

o

b(3/8 -3/8 x2/b2 ) Fb2 1/EJ dx = [3/8 x -1/8 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (3/8 b -1/8 b ) Fb2 1/EJ  = 1/4  Fb3/EJ

LXo
CD = ∫

o

b(3/8 -3/4 x/b +3/8 x2/b2 ) Fb2 1/EJ dx = [3/8 x -3/8 x2/b +1/8 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (3/8 b -3/8 b +1/8 b ) Fb2 1/EJ  = 1/8  Fb3/EJ

LXo
DC = ∫

o

b(3/8 x2/b2 ) Fb2 1/EJ dx = [1/8 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/8 b ) Fb2 1/EJ  = 1/8  Fb3/EJ
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Quadro contributi PLV per iperstatica X=HA

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -x 0 0 0 0 x2

0+0 1/3Xb3/EJ
BA b b-x 0 0 0 0 b2-2bx+x2

BC b -b+1/2x -1/2Fx -Fb/EJ 1/2Fbx-1/4Fx2 Fb2/EJ-1/2Fxb/EJ b2-bx+1/4x2

(1/6+3/4)Fb3/EJ 7/12Xb3/EJ
CB b 1/2b+1/2x 1/2Fb-1/2Fx Fb/EJ 1/4Fb2-1/4Fx2 1/2Fb2/EJ+1/2Fxb/EJ 1/4b2+1/2bx+1/4x2

CD b -1/2b+1/2x -1/2Fb+1/2Fx 0 1/4Fb2-1/2Fbx+1/4Fx2 0 1/4b2-1/2bx+1/4x2

(1/12+0)Fb3/EJ 1/12Xb3/EJ
DC b 1/2x 1/2Fx 0 1/4Fx2 0 1/4x2

DE b 0 0 0 0 0 0
0+0 0

ED b 0 0 0 0 0 0

EF b 0 9/4Fb-11/4Fx+1/2qx2 0 0 0 0
0+0 0

FE b 0 -7/4Fx-1/2qx2 0 0 0 0

FC b 0 0 0 0 0 0
0+0 0

CF b 0 0 0 0 0 0

CG b 0 -Fx+1/2qx2 0 0 0 0
0+0 0

GC b 0 1/2Fb-1/2qx2 0 0 0 0

GH 2b 0 1/2Fb-1/4Fx 0 0 0 0
0+0 0

HG 2b 0 -1/4Fx 0 0 0 0

HI 2b 0 0 0 0 0 0
0+0 0

IH 2b 0 0 0 0 0 0

IE b 0 Fb+5/4Fx 0 0 0 0
0+0 0

EI b 0 -9/4Fb+5/4Fx 0 0 0 0

D cedimento nodo -H1DuD -Fb3/EJ

totali 0 Xb3/EJ

iperstatica X=HA 0

ESΣ01.xxxx.128PROCEDIMENTO E RISULTATI 211653
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BA = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BC = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CB = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
DC = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXo
BC = ∫

o

b(1/2 x/b -1/4 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(1 -1/2 x/b ) θ  dx

        = [1/4 x2/b -1/12 x3/b2 ]
o

b
 Fb2 1/EJ  + [ x -1/4 x2/b ]

o

b
 θ  

        = (1/4 b -1/12 b ) Fb2 1/EJ  + ( b -1/4 b ) θ   = 11/12  Fb3/EJ

LXo
CB = ∫

o

b(1/4 -1/4 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(-1/2 -1/2 x/b ) θ  dx

        = [1/4 x -1/12 x3/b2 ]
o

b
 Fb2 1/EJ  + [-1/2 x -1/4 x2/b ]

o

b
 θ  

        = (1/4 b -1/12 b ) Fb2 1/EJ  + (-1/2 b -1/4 b ) θ   = 11/12  Fb3/EJ

LXo
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) Fb2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) Fb2 1/EJ  = 1/12  Fb3/EJ

LXo
DC = ∫

o

b(1/4 x2/b2 ) Fb2 1/EJ dx = [1/12 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/12 b ) Fb2 1/EJ  = 1/12  Fb3/EJ
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Quadro contributi PLV per iperstatica X=HA

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -x 0 -Fb/EJ 0 Fxb/EJ x2

(0+1/2)Fb3/EJ 1/3Xb3/EJ
BA b b-x 0 Fb/EJ 0 Fb2/EJ-Fxb/EJ b2-2bx+x2

BC b -b+1/2x -1/2Fx 0 1/2Fbx-1/4Fx2 0 b2-bx+1/4x2

(1/6+0)Fb3/EJ 7/12Xb3/EJ
CB b 1/2b+1/2x 1/2Fb-1/2Fx 0 1/4Fb2-1/4Fx2 0 1/4b2+1/2bx+1/4x2

CD b -1/2b+1/2x -1/2Fb+1/2Fx 0 1/4Fb2-1/2Fbx+1/4Fx2 0 1/4b2-1/2bx+1/4x2

(1/12+0)Fb3/EJ 1/12Xb3/EJ
DC b 1/2x 1/2Fx 0 1/4Fx2 0 1/4x2

DE b 0 0 0 0 0 0
0+0 0

ED b 0 0 0 0 0 0

EF b 0 9/4Fb-11/4Fx+1/2qx2 0 0 0 0
0+0 0

FE b 0 -7/4Fx-1/2qx2 0 0 0 0

FC b 0 0 0 0 0 0
0+0 0

CF b 0 0 0 0 0 0

CG b 0 -Fx+1/2qx2 0 0 0 0
0+0 0

GC b 0 1/2Fb-1/2qx2 0 0 0 0

GH 2b 0 1/2Fb-1/4Fx 0 0 0 0
0+0 0

HG 2b 0 -1/4Fx 0 0 0 0

HI 2b 0 0 0 0 0 0
0+0 0

IH 2b 0 0 0 0 0 0

IE b 0 Fb+5/4Fx 0 0 0 0
0+0 0

EI b 0 -9/4Fb+5/4Fx 0 0 0 0

D cedimento nodo -H1DuD -Fb3/EJ

totali -1/4Fb3/EJ Xb3/EJ

iperstatica X=HA 1/4F

ESΣ01.xxxx.130PROCEDIMENTO E RISULTATI 239279

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BA = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BC = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CB = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
DC = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXo
AB =  ∫

o

b( x/b ) θ  dx = [1/2 x2/b ]
o

b
 θ  

        = (1/2 b ) θ   = 1/2  Fb3/EJ

LXo
BA =  ∫

o

b(-1 + x/b ) θ  dx = [- x +1/2 x2/b ]
o

b
 θ  

        = (- b +1/2 b ) θ   = 1/2  Fb3/EJ

LXo
BC = ∫

o

b(1/2 x/b -1/4 x2/b2 ) Fb2 1/EJ dx = [1/4 x2/b -1/12 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/4 b -1/12 b ) Fb2 1/EJ  = 1/6  Fb3/EJ

LXo
CB = ∫

o

b(1/4 -1/4 x2/b2 ) Fb2 1/EJ dx = [1/4 x -1/12 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/4 b -1/12 b ) Fb2 1/EJ  = 1/6  Fb3/EJ

LXo
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) Fb2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) Fb2 1/EJ  = 1/12  Fb3/EJ

LXo
DC = ∫

o

b(1/4 x2/b2 ) Fb2 1/EJ dx = [1/12 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/12 b ) Fb2 1/EJ  = 1/12  Fb3/EJ
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Quadro contributi PLV per iperstatica X=HA

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -x 0 0 0 0 x2

0+0 1/3Xb3/EJ
BA b b-x 0 0 0 0 b2-2bx+x2

BC b -b+1/2x -1/2Fx 0 1/2Fbx-1/4Fx2 0 b2-bx+1/4x2

(1/6+0)Fb3/EJ 7/12Xb3/EJ
CB b 1/2b+1/2x 1/2Fb-1/2Fx 0 1/4Fb2-1/4Fx2 0 1/4b2+1/2bx+1/4x2

CD b -1/2b+1/2x -1/2Fb+1/2Fx -Fb/EJ 1/4Fb2-1/2Fbx+1/4Fx2 1/2Fb2/EJ-1/2Fxb/EJ 1/4b2-1/2bx+1/4x2

(1/12+1/4)Fb3/EJ 1/12Xb3/EJ
DC b 1/2x 1/2Fx Fb/EJ 1/4Fx2 1/2Fxb/EJ 1/4x2

DE b 0 0 0 0 0 0
0+0 0

ED b 0 0 0 0 0 0

EF b 0 9/4Fb-11/4Fx+1/2qx2 0 0 0 0
0+0 0

FE b 0 -7/4Fx-1/2qx2 0 0 0 0

FC b 0 0 0 0 0 0
0+0 0

CF b 0 0 0 0 0 0

CG b 0 -Fx+1/2qx2 0 0 0 0
0+0 0

GC b 0 1/2Fb-1/2qx2 0 0 0 0

GH 2b 0 1/2Fb-1/4Fx 0 0 0 0
0+0 0

HG 2b 0 -1/4Fx 0 0 0 0

HI 2b 0 0 0 0 0 0
0+0 0

IH 2b 0 0 0 0 0 0

IE b 0 Fb+5/4Fx 0 0 0 0
0+0 0

EI b 0 -9/4Fb+5/4Fx 0 0 0 0

D cedimento nodo -H1DuD -Fb3/EJ

totali -1/2Fb3/EJ Xb3/EJ

iperstatica X=HA 1/2F
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Sviluppi di calcolo iperstatica



ESΣ01.xxxx.132PROCEDIMENTO E RISULTATI 238699

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

LXX
AB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BA = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BC = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CB = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
DC = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXo
BC = ∫

o

b(1/2 x/b -1/4 x2/b2 ) Fb2 1/EJ dx = [1/4 x2/b -1/12 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/4 b -1/12 b ) Fb2 1/EJ  = 1/6  Fb3/EJ

LXo
CB = ∫

o

b(1/4 -1/4 x2/b2 ) Fb2 1/EJ dx = [1/4 x -1/12 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/4 b -1/12 b ) Fb2 1/EJ  = 1/6  Fb3/EJ

LXo
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(1/2 -1/2 x/b ) θ  dx

        = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 Fb2 1/EJ  + [1/2 x -1/4 x2/b ]

o

b
 θ  

        = (1/4 b -1/4 b +1/12 b ) Fb2 1/EJ  + (1/2 b -1/4 b ) θ   = 1/3  Fb3/EJ

LXo
DC = ∫

o

b(1/4 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(-1/2 x/b ) θ  dx = [1/12 x3/b2 ]
o

b
 Fb2 1/EJ  + [-1/4 x2/b ]

o

b
 θ  

        = (1/12 b ) Fb2 1/EJ  + (-1/4 b ) θ   = 1/3  Fb3/EJ

ESΣ01.xxxx.132

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25



E
S

Σ0
1.

xx
xx

.1
35

P
LV

 P
E

R
 C

A
S

A

@
 A

do
lfo

 Z
av

el
an

i R
os

si
, P

ol
ite

cn
ic

o 
di

 M
ila

no
, v

er
s.

27
.0

3.
13

12
.1

2.
25

y,
v,

V
,q

x,
u,

H
,p

bb ϕ,
W

b
b

b

AB

C

D E
F

G
H

I

W

W

F

F

q
q

V
H
 =

 -
F

V
F
 =

 -
F

W
I =

 -
W

 =
 -

F
b

W
G
 =

 -
W

 =
 -

F
b

q E
F
 =

 -
q 

=
 -

F
/b

q I
E
 =

 -
q 

=
 -

F
/b

θ B
C
 =

 -
θ 

=
 -

αT
/b

 =
 -

bF
/E

J
u D

 =
 -

δ 
=

 -
b3 F

/E
J

E
J A

B
 =

 E
J

E
J B

C
 =

 E
J

E
J C

D
 =

 E
J

E
J D

E
 =

 E
J

E
J E

F
 =

 E
J

E
J F

C
 =

 E
J

E
J C

G
 =

 E
J

E
J G

H
 =

 E
J

E
J H

I =
 E

J
E

J I
E
 =

 E
J

R
ea

zi
on

i i
pe

rs
ta

tic
he

 in
 s

ol
uz

io
ne

:  
X

=
H

D

C
ar

ic
hi

 e
 d

ef
or

m
az

io
ni

 d
at

e 
ha

nn
o 

ve
rs

o 
ef

fic
ac

e 
in

 d
is

eg
no

.
C

al
co

la
re

 r
ea

zi
on

i v
in

co
la

ri 
de

lla
 s

tr
ut

tu
ra

 e
 d

el
le

 a
st

e.
T

ra
cc

ia
re

 i 
di

ag
ra

m
m

i q
uo

ta
ti 

de
lle

 a
zi

on
i i

nt
er

ne
 n

el
le

 a
st

e.
C

ar
ic

hi
 d

i a
st

e 
cu

rv
e 

m
is

ur
at

i i
n 

pr
oi

ez
io

ne
 s

ug
li 

as
si

 x
,y

.
J Y

Z
 -

 x
Y

Z
 -

 θ
Y

Z
  r

ife
rim

en
to

 lo
ca

le
 a

st
a 

Y
Z

 c
on

 o
rig

in
e 

in
 Y

.
C

ur
va

tu
ra

 θ
 a

st
a 

B
C

 p
os

iti
va

 s
e 

co
nv

es
sa

 a
 d

es
tr

a 
co

n 
in

iz
io

 B
.

S
po

st
am

en
to

 o
riz

zo
nt

al
e 

as
so

lu
to

 u
 im

po
st

o 
al

 n
od

o 
D

.

E
S

Σ0
1.

xx
xx

.1
35

R
E

A
Z

IO
N

I 2
41

57
4

@
 A

do
lfo

 Z
av

el
an

i R
os

si
, P

ol
ite

cn
ic

o 
di

 M
ila

no
, v

er
s.

27
.0

3.
13

12
.1

2.
25

9/
8F 1/

4F

9/
8F

1/
4F1/

4F
b

A
B

9/
8F

1/
4F 1/

4F
b

9/
8F

1/
4F7/

8F
b

BC

7/
8F

1/
4F 7/

8F
b

7/
8F

1/
4F

CD
6F

D
E

7/
2F

3F
b 5/
2F

E F

3/
2F

F
C

1/
2F

C
G

1/
2F

F
b1/

2F

GH

3/
2F

H
I

3/
2F

F
b 5/

2F
3F

b

I E



ESΣ01.xxxx.135AZIONI INTERNE 241574

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

9/
8

1/4 1/4

6

00

-3
/2

1/
2

0

-3
/2

00

 F

1/
4

-9/8
7/8

0

-7/2-5/2

0
0

-1/2

0

3/25/2

 F

0
1/

4

1/4
-7/8 -7/8

0

0
0

30

0
0

0
0

1 0

0
0

13

 Fb

ESΣ01.xxxx.135PROCEDIMENTO E RISULTATI 241574

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

A

B

C D

E
F

G
H

I

W

W

F

F

X

q q

Schema di calcolo iperstatico

0
0

0
-1 -1

0

0
0

30

0
0

0
0

1 0

0
0

13

Mo flessione da carichi assegnati

0
1

1 1/2 1/2 0

0
0

00

0
0

0
0

0 0

0
0

00

Mx flessione da iperstatica X=1



ESΣ01.xxxx.135PROCEDIMENTO E RISULTATI 241574

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 12.12.25

Quadro contributi PLV per iperstatica X=HD

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b x 0 0 0 0 x2

0+0 1/3Xb3/EJ
BA b -b+x 0 0 0 0 b2-2bx+x2

BC b b-1/2x -Fx -Fb/EJ -Fbx+1/2Fx2 -Fb2/EJ+1/2Fxb/EJ b2-bx+1/4x2

(-1/3-3/4)Fb3/EJ 7/12Xb3/EJ
CB b -1/2b-1/2x Fb-Fx Fb/EJ -1/2Fb2+1/2Fx2 -1/2Fb2/EJ-1/2Fxb/EJ 1/4b2+1/2bx+1/4x2

CD b 1/2b-1/2x -Fb+Fx 0 -1/2Fb2+Fbx-1/2Fx2 0 1/4b2-1/2bx+1/4x2

(-1/6+0)Fb3/EJ 1/12Xb3/EJ
DC b -1/2x Fx 0 -1/2Fx2 0 1/4x2

DE b 0 0 0 0 0 0
0+0 0

ED b 0 0 0 0 0 0

EF b 0 3Fb-7/2Fx+1/2qx2 0 0 0 0
0+0 0

FE b 0 -5/2Fx-1/2qx2 0 0 0 0

FC b 0 0 0 0 0 0
0+0 0

CF b 0 0 0 0 0 0

CG b 0 0 0 0 0 0
0+0 0

GC b 0 0 0 0 0 0

GH 2b 0 Fb-1/2Fx 0 0 0 0
0+0 0

HG 2b 0 -1/2Fx 0 0 0 0

HI 2b 0 0 0 0 0 0
0+0 0

IH 2b 0 0 0 0 0 0

IE b 0 Fb+3/2Fx+1/2qx2 0 0 0 0
0+0 0

EI b 0 -3Fb+5/2Fx-1/2qx2 0 0 0 0

D cedimento nodo -H1DuD Fb3/EJ

totali -1/4Fb3/EJ Xb3/EJ

iperstatica X=HD 1/4F
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BA = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BC = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CB = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
DC = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXo
BC = ∫

o

b(- x/b +1/2 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(-1 +1/2 x/b ) θ  dx

        = [-1/2 x2/b +1/6 x3/b2 ]
o

b
 Fb2 1/EJ  + [- x +1/4 x2/b ]

o

b
 θ  

        = (-1/2 b +1/6 b ) Fb2 1/EJ  + (- b +1/4 b ) θ   = -13/12  Fb3/EJ

LXo
CB = ∫

o

b(-1/2 +1/2 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(1/2 +1/2 x/b ) θ  dx

        = [-1/2 x +1/6 x3/b2 ]
o

b
 Fb2 1/EJ  + [1/2 x +1/4 x2/b ]

o

b
 θ  

        = (-1/2 b +1/6 b ) Fb2 1/EJ  + (1/2 b +1/4 b ) θ   = -13/12  Fb3/EJ

LXo
CD = ∫

o

b(-1/2 + x/b -1/2 x2/b2 ) Fb2 1/EJ dx = [-1/2 x +1/2 x2/b -1/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-1/2 b +1/2 b -1/6 b ) Fb2 1/EJ  = -1/6  Fb3/EJ

LXo
DC = ∫

o

b(-1/2 x2/b2 ) Fb2 1/EJ dx = [-1/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (-1/6 b ) Fb2 1/EJ  = -1/6  Fb3/EJ
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Quadro contributi PLV per iperstatica X=HA

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -x 0 0 0 0 x2

0+0 1/3Xb3/EJ
BA b b-x 0 0 0 0 b2-2bx+x2

BC b -b+1/2x -Fx 0 Fbx-1/2Fx2 0 b2-bx+1/4x2

(1/3+0)Fb3/EJ 7/12Xb3/EJ
CB b 1/2b+1/2x Fb-Fx 0 1/2Fb2-1/2Fx2 0 1/4b2+1/2bx+1/4x2

CD b -1/2b+1/2x -Fb+Fx -Fb/EJ 1/2Fb2-Fbx+1/2Fx2 1/2Fb2/EJ-1/2Fxb/EJ 1/4b2-1/2bx+1/4x2

(1/6+1/4)Fb3/EJ 1/12Xb3/EJ
DC b 1/2x Fx Fb/EJ 1/2Fx2 1/2Fxb/EJ 1/4x2

DE b 0 0 0 0 0 0
0+0 0

ED b 0 0 0 0 0 0

EF b 0 3Fb-7/2Fx+1/2qx2 0 0 0 0
0+0 0

FE b 0 -5/2Fx-1/2qx2 0 0 0 0

FC b 0 0 0 0 0 0
0+0 0

CF b 0 0 0 0 0 0

CG b 0 0 0 0 0 0
0+0 0

GC b 0 0 0 0 0 0

GH 2b 0 Fb-1/2Fx 0 0 0 0
0+0 0

HG 2b 0 -1/2Fx 0 0 0 0

HI 2b 0 0 0 0 0 0
0+0 0

IH 2b 0 0 0 0 0 0

IE b 0 Fb+3/2Fx+1/2qx2 0 0 0 0
0+0 0

EI b 0 -3Fb+5/2Fx-1/2qx2 0 0 0 0

D cedimento nodo -H1DuD -Fb3/EJ

totali -1/4Fb3/EJ Xb3/EJ

iperstatica X=HA 1/4F

ESΣ01.xxxx.139PROCEDIMENTO E RISULTATI 241207
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BA = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BC = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CB = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
DC = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXo
BC = ∫

o

b( x/b -1/2 x2/b2 ) Fb2 1/EJ dx = [1/2 x2/b -1/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/2 b -1/6 b ) Fb2 1/EJ  = 1/3  Fb3/EJ

LXo
CB = ∫

o

b(1/2 -1/2 x2/b2 ) Fb2 1/EJ dx = [1/2 x -1/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/2 b -1/6 b ) Fb2 1/EJ  = 1/3  Fb3/EJ

LXo
CD = ∫

o

b(1/2 - x/b +1/2 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(1/2 -1/2 x/b ) θ  dx

        = [1/2 x -1/2 x2/b +1/6 x3/b2 ]
o

b
 Fb2 1/EJ  + [1/2 x -1/4 x2/b ]

o

b
 θ  

        = (1/2 b -1/2 b +1/6 b ) Fb2 1/EJ  + (1/2 b -1/4 b ) θ   = 5/12  Fb3/EJ

LXo
DC = ∫

o

b(1/2 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(-1/2 x/b ) θ  dx = [1/6 x3/b2 ]
o

b
 Fb2 1/EJ  + [-1/4 x2/b ]

o

b
 θ  

        = (1/6 b ) Fb2 1/EJ  + (-1/4 b ) θ   = 5/12  Fb3/EJ

ESΣ01.xxxx.139
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Quadro contributi PLV per iperstatica X=HA

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -x 0 0 0 0 x2

0+0 1/3Xb3/EJ
BA b b-x 0 0 0 0 b2-2bx+x2

BC b -b+1/2x -Fx 0 Fbx-1/2Fx2 0 b2-bx+1/4x2

(1/3+0)Fb3/EJ 7/12Xb3/EJ
CB b 1/2b+1/2x Fb-Fx 0 1/2Fb2-1/2Fx2 0 1/4b2+1/2bx+1/4x2

CD b -1/2b+1/2x -1/2Fb+1/2Fx -Fb/EJ 1/4Fb2-1/2Fbx+1/4Fx2 1/2Fb2/EJ-1/2Fxb/EJ 1/4b2-1/2bx+1/4x2

(1/12+1/4)Fb3/EJ 1/12Xb3/EJ
DC b 1/2x 1/2Fx Fb/EJ 1/4Fx2 1/2Fxb/EJ 1/4x2

DE b 0 1/2Fx-1/2qx2 0 0 0 0
0+0 0

ED b 0 -1/2Fx+1/2qx2 0 0 0 0

EF b 0 5/2Fb-3Fx+1/2qx2 0 0 0 0
0+0 0

FE b 0 -2Fx-1/2qx2 0 0 0 0

FC b 0 1/2Fx 0 0 0 0
0+0 0

CF b 0 -1/2Fb+1/2Fx 0 0 0 0

CG b 0 0 0 0 0 0
0+0 0

GC b 0 0 0 0 0 0

GH 2b 0 Fb-1/2Fx 0 0 0 0
0+0 0

HG 2b 0 -1/2Fx 0 0 0 0

HI 2b 0 0 0 0 0 0
0+0 0

IH 2b 0 0 0 0 0 0

IE b 0 Fb+3/2Fx 0 0 0 0
0+0 0

EI b 0 -5/2Fb+3/2Fx 0 0 0 0

D cedimento nodo -H1DuD -Fb3/EJ

totali -1/3Fb3/EJ Xb3/EJ

iperstatica X=HA 1/3F
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BA = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BC = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CB = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
DC = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXo
BC = ∫

o

b( x/b -1/2 x2/b2 ) Fb2 1/EJ dx = [1/2 x2/b -1/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/2 b -1/6 b ) Fb2 1/EJ  = 1/3  Fb3/EJ

LXo
CB = ∫

o

b(1/2 -1/2 x2/b2 ) Fb2 1/EJ dx = [1/2 x -1/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = (1/2 b -1/6 b ) Fb2 1/EJ  = 1/3  Fb3/EJ

LXo
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(1/2 -1/2 x/b ) θ  dx

        = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 Fb2 1/EJ  + [1/2 x -1/4 x2/b ]

o

b
 θ  

        = (1/4 b -1/4 b +1/12 b ) Fb2 1/EJ  + (1/2 b -1/4 b ) θ   = 1/3  Fb3/EJ

LXo
DC = ∫

o

b(1/4 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(-1/2 x/b ) θ  dx = [1/12 x3/b2 ]
o

b
 Fb2 1/EJ  + [-1/4 x2/b ]

o

b
 θ  

        = (1/12 b ) Fb2 1/EJ  + (-1/4 b ) θ   = 1/3  Fb3/EJ
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Quadro contributi PLV per iperstatica X=HA

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -x 0 0 0 0 x2

0+0 1/3Xb3/EJ
BA b b-x 0 0 0 0 b2-2bx+x2

BC b -b+1/2x -1/2Fx -Fb/EJ 1/2Fbx-1/4Fx2 Fb2/EJ-1/2Fxb/EJ b2-bx+1/4x2

(1/6+3/4)Fb3/EJ 7/12Xb3/EJ
CB b 1/2b+1/2x 1/2Fb-1/2Fx Fb/EJ 1/4Fb2-1/4Fx2 1/2Fb2/EJ+1/2Fxb/EJ 1/4b2+1/2bx+1/4x2

CD b -1/2b+1/2x -1/2Fb+Fx-1/2qx2 0 1/4Fb2-3/4Fbx+3/4Fx2-1/4qx3 0 1/4b2-1/2bx+1/4x2

(1/16+0)Fb3/EJ 1/12Xb3/EJ
DC b 1/2x 1/2qx2 0 1/4qx3 0 1/4x2

DE b 0 0 0 0 0 0
0+0 0

ED b 0 0 0 0 0 0

EF b 0 9/4Fb-9/4Fx 0 0 0 0
0+0 0

FE b 0 -9/4Fx 0 0 0 0

FC b 0 0 0 0 0 0
0+0 0

CF b 0 0 0 0 0 0

CG b 0 -Fx+1/2qx2 0 0 0 0
0+0 0

GC b 0 1/2Fb-1/2qx2 0 0 0 0

GH 2b 0 1/2Fb-1/4Fx 0 0 0 0
0+0 0

HG 2b 0 -1/4Fx 0 0 0 0

HI 2b 0 0 0 0 0 0
0+0 0

IH 2b 0 0 0 0 0 0

IE b 0 Fb+5/4Fx 0 0 0 0
0+0 0

EI b 0 -9/4Fb+5/4Fx 0 0 0 0

D cedimento nodo -H1DuD -Fb3/EJ

totali -1/48Fb3/EJ Xb3/EJ

iperstatica X=HA 1/48F
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BA = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
BC = ∫

o

b(1 - x/b +1/4 x2/b2 ) b2 1/EJ dx = [ x -1/2 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b -1/2 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CB = ∫

o

b(1/4 +1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x +1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b +1/4 b +1/12 b ) b2 1/EJ  = 7/12  b3/EJ

LXX
CD = ∫

o

b(1/4 -1/2 x/b +1/4 x2/b2 ) b2 1/EJ dx = [1/4 x -1/4 x2/b +1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/4 b -1/4 b +1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXX
DC = ∫

o

b(1/4 x2/b2 ) b2 1/EJ dx = [1/12 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/12 b ) b2 1/EJ  = 1/12  b3/EJ

LXo
BC = ∫

o

b(1/2 x/b -1/4 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(1 -1/2 x/b ) θ  dx

        = [1/4 x2/b -1/12 x3/b2 ]
o

b
 Fb2 1/EJ  + [ x -1/4 x2/b ]

o

b
 θ  

        = (1/4 b -1/12 b ) Fb2 1/EJ  + ( b -1/4 b ) θ   = 11/12  Fb3/EJ

LXo
CB = ∫

o

b(1/4 -1/4 x2/b2 ) Fb2 1/EJ dx +  ∫
o

b(-1/2 -1/2 x/b ) θ  dx

        = [1/4 x -1/12 x3/b2 ]
o

b
 Fb2 1/EJ  + [-1/2 x -1/4 x2/b ]

o

b
 θ  

        = (1/4 b -1/12 b ) Fb2 1/EJ  + (-1/2 b -1/4 b ) θ   = 11/12  Fb3/EJ

LXo
CD = ∫

o

b(1/4 -3/4 x/b +3/4 x2/b2 -1/4 x3/b3 ) Fb2 1/EJ dx

        = [1/4 x -3/8 x2/b +1/4 x3/b2 -1/16 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (1/4 b -3/8 b +1/4 b -1/16 b ) Fb2 1/EJ  = 1/16  Fb3/EJ

LXo
DC = ∫

o

b(1/4 x3/b3 ) Fb2 1/EJ dx = [1/16 x4/b3 ]
o

b
 Fb2 1/EJ 

        = (1/16 b ) Fb2 1/EJ  = 1/16  Fb3/EJ
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