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Quadro contributi PLV per iperstatica X=WCD

→ Mx(x) Mo(x) MxMo MxMx ∫MxMo/EJdx ∫XMxMx/EJdx

AB b 0 -3/2Fx 0 0
0 0

BA b 0 3/2Fb-3/2Fx 0 0

BC b -x/b -3/2Fb+1/2Fx 3/2Fx-1/2Fx2/b x2/b2

7/12Fb2/EJ 1/3Xb/EJ
CB b 1-x/b Fb+1/2Fx Fb-1/2Fx-1/2Fx2/b 1-2x/b+x2/b2

CD b -1 -1/2Fx 1/2Fx 1
1/4Fb2/EJ Xb/EJ

DC b 1 1/2Fb-1/2Fx 1/2Fb-1/2Fx 1

DE b -1+x/b -1/2Fb-1/2Fx 1/2Fb-1/2Fx2/b 1-2x/b+x2/b2

1/3Fb2/EJ 1/3Xb/EJ
ED b x/b Fb-1/2Fx Fx-1/2Fx2/b x2/b2

EF √2b 0 3√2/4Fx 0 0 0 0

FG b 0 -1/2Fx 0 0
0 0

GF b 0 1/2Fb-1/2Fx 0 0

GA b 0 1/2Fb-1/2qx2 0 0
0 0

AG b 0 -Fx+1/2qx2 0 0

FB b 0 3/2Fb-Fx-1/2qx2 0 0
0 0

BF b 0 -2Fx+1/2qx2 0 0

BE b 0 0 0 0
0 0

EB b 0 0 0 0

BE elongazione asta  N1BEεBELBE Fb2/EJ

totali 13/6Fb2/EJ 5/3Xb/EJ

iperstatica X=WCD -13/10Fb

Sviluppi di calcolo iperstatica

CI02.xxxx.017PROCEDIMENTO E RISULTATI 240156

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 29.05.25

LXX
BC = ∫

o

b( x2/b2 )  1/EJ dx = [1/3 x3/b2 ]
o

b
  1/EJ 

        = (1/3 b )  1/EJ  = 1/3  b/EJ

LXX
CB = ∫

o

b(1 -2 x/b + x2/b2 )  1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
  1/EJ 

        = ( b - b +1/3 b )  1/EJ  = 1/3  b/EJ

LXX
CD = ∫

o

b(1 )  1/EJ dx = [ x ]
o

b
  1/EJ 

        = ( b )  1/EJ  =   b/EJ

LXX
DC = ∫

o

b(1 )  1/EJ dx = [ x ]
o

b
  1/EJ 

        = ( b )  1/EJ  =   b/EJ

LXX
DE = ∫

o

b(1 -2 x/b + x2/b2 )  1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
  1/EJ 

        = ( b - b +1/3 b )  1/EJ  = 1/3  b/EJ

LXX
ED = ∫

o

b( x2/b2 )  1/EJ dx = [1/3 x3/b2 ]
o

b
  1/EJ 

        = (1/3 b )  1/EJ  = 1/3  b/EJ

LXo
BC = ∫

o

b(3/2 x/b -1/2 x2/b2 ) Fb 1/EJ dx = [3/4 x2/b -1/6 x3/b2 ]
o

b
 Fb 1/EJ 

        = (3/4 b -1/6 b ) Fb 1/EJ  = 7/12  Fb2/EJ

LXo
CB = ∫

o

b(1 -1/2 x/b -1/2 x2/b2 ) Fb 1/EJ dx = [ x -1/4 x2/b -1/6 x3/b2 ]
o

b
 Fb 1/EJ 

        = ( b -1/4 b -1/6 b ) Fb 1/EJ  = 7/12  Fb2/EJ

LXo
CD = ∫

o

b(1/2 x/b ) Fb 1/EJ dx = [1/4 x2/b ]
o

b
 Fb 1/EJ 

        = (1/4 b ) Fb 1/EJ  = 1/4  Fb2/EJ

LXo
DC = ∫

o

b(1/2 -1/2 x/b ) Fb 1/EJ dx = [1/2 x -1/4 x2/b ]
o

b
 Fb 1/EJ 

        = (1/2 b -1/4 b ) Fb 1/EJ  = 1/4  Fb2/EJ

LXo
DE = ∫

o

b(1/2 -1/2 x2/b2 ) Fb 1/EJ dx = [1/2 x -1/6 x3/b2 ]
o

b
 Fb 1/EJ 

        = (1/2 b -1/6 b ) Fb 1/EJ  = 1/3  Fb2/EJ

LXo
ED = ∫

o

b( x/b -1/2 x2/b2 ) Fb 1/EJ dx = [1/2 x2/b -1/6 x3/b2 ]
o

b
 Fb 1/EJ 

        = (1/2 b -1/6 b ) Fb 1/EJ  = 1/3  Fb2/EJ
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A =  118.8 mm2

Ju =  57498. mm4

Jv =  2333. mm4

Jt =  87.98 mm4

yo =  16.09 mm
yg =  31.91 mm
N =  -600. N
Ty =  -450. N
Mx = -387000. Nmm
xm =    12. mm
vm = -31.91 mm
σm = N/A-Mv/Ju = -219.8 N/mm2

yc =     3. mm
uc =   -12. mm
vc = -28.91 mm
σc = N/A-Mv/Ju = -219.8 N/mm2

τc = TS*/tJu =  5.394 N/mm2

τg = TS*/tJu =  5.394 N/mm2

tc =   300. mm
σo = √σ2+3τ2 =   220. N/mm2

t=1.8 t=1.8

t=
1

t=1.8 t=1.8

A
B

C

D
E F

mm 0 6 12 18 24x

0

54

y

σc,τcσm

u

v

CI02.xxxx.017

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 29.05.25



C
I0

2.
xx

xx
.0

42
P

LV
 -

 D
S

V
 P

E
R

 C
A

S
A

@
 A

do
lfo

 Z
av

el
an

i R
os

si
, P

ol
ite

cn
ic

o 
di

 M
ila

no
, v

er
s.

27
.0

3.
13

29
.0

5.
25

y,
v,

V
,q

x,
u,

H
,p

bb ϕ,
W

b
b

A
B C

D

E

F

G

W

W

W

F

F

q

q

H
F

B
 =

 -
F

V
D
 =

 -
F

W
C
 =

 -
W

 =
 -

F
b

W
G
 =

 -
W

 =
 -

F
b

W
E
 =

 -
W

 =
 -

F
b

q C
D
 =

 -
q 

=
 -

F
/b

p F
B
 =

 -
q 

=
 -

F
/b

ε B
E
 =

 -
αT

 =
 -

b2 F
/E

J
k C

 =
 4

E
J/

b3

E
J A

B
 =

 E
J

E
J B

C
 =

 E
J

E
J C

D
 =

 E
J

E
J D

E
 =

 E
J

E
J E

F
 =

 E
J

E
J F

G
 =

 E
J

E
J G

A
 =

 E
J

E
J F

B
 =

 E
J

E
J B

E
 =

 E
J

R
ea

zi
on

i i
pe

rs
ta

tic
he

 in
 s

ol
uz

io
ne

:  
X

=
H

B
E

C
ar

ic
hi

 e
 d

ef
or

m
az

io
ni

 d
at

e 
ha

nn
o 

ve
rs

o 
ef

fic
ac

e 
in

 d
is

eg
no

.
C

al
co

la
re

 r
ea

zi
on

i v
in

co
la

ri 
de

lla
 s

tr
ut

tu
ra

 e
 d

el
le

 a
st

e.
T

ra
cc

ia
re

 i 
di

ag
ra

m
m

i q
uo

ta
ti 

de
lle

 a
zi

on
i i

nt
er

ne
 n

el
le

 a
st

e.
J Y

Z
 -

 x
Y

Z
 -

 θ
Y

Z
  r

ife
rim

en
to

 lo
ca

le
 a

st
a 

Y
Z

 c
on

 o
rig

in
e 

in
 Y

.
La

 tr
av

e 
A

B
 h

a 
la

 s
ez

io
ne

 r
ip

or
ta

ta
 e

 d
im

en
si

on
i i

n 
m

m
, c

on
:

b 
=

 4
60

 m
m

,  
F

 =
 5

30
 N

C
al

co
la

re
 s

ul
la

 s
ez

io
ne

 B
 la

 m
as

si
m

a 
te

ns
io

ne
 n

or
m

al
e 

σ m
.

C
al

co
la

re
 in

 *
 le

 te
ns

io
ni

 σ
c,

τ c
 e

 la
 te

ns
io

ne
 d

i v
on

 M
is

es
.

Le
m

bo
 in

fe
rio

re
 s

ez
io

ne
 s

u 
tr

at
te

gg
io

 tr
av

e,
 a

 d
es

tr
a 

da
 A

 a
 B

E
lo

ng
az

io
ne

 te
rm

ic
a 

sp
ec

ifi
ca

 ε
 a

ss
eg

na
ta

 s
u 

as
ta

 B
E

.

t=
1.

8
t=

1.
8

t=1

t=
1.

8
t=

1.
8

A
B

C

D
E

F

m
m

0

12

24

36

48

x

041 y

σ c
,τ

c

C
I0

2.
xx

xx
.0

42
R

E
A

Z
IO

N
I 2

86
14

3

@
 A

do
lfo

 Z
av

el
an

i R
os

si
, P

ol
ite

cn
ic

o 
di

 M
ila

no
, v

er
s.

27
.0

3.
13

29
.0

5.
25

2F

2F

2F

2F
2F

b

A
B

41
/2

0F

9/
2F2F

b 41
/2

0F

9/
2F 1/

20
F

b

B C

41
/2

0F

1/
2F21

/2
0F

b
41

/2
0F 1/

2F
21

/2
0F

b

C
D

41
/2

0F

3/
2F 21

/2
0F

b

41
/2

0F

3/
2FF
b

DE

3/2F

3/2F

3/
2F

b

E

F

F
F

F
b

F
G

F

G A

F

5/
2F3/

2F
b

2F

5/
2F

F B

41
/2

0F
B

E



C
I0

2.
xx

xx
.0

42
A

Z
IO

N
I I

N
T

E
R

N
E

 2
86

14
3

@
 A

do
lfo

 Z
av

el
an

i R
os

si
, P

ol
ite

cn
ic

o 
di

 M
ila

no
, v

er
s.

27
.0

3.
13

29
.0

5.
25

-2

-9/2

-4
1/

20
-4

1/
20

3/2

3√
2/

4

0

1

-5/2 -5/2

41
/2

0

 F

-2

41/20 1/
2

-1
/2

-41/20

3√
2/

4

-1

0

-1 -2

0

 F

0
-2

-2
1/20 21

/2
0

21
/2

0

21/20
-1

0

3/
2

0
-1

0 0

3/2 0 0
0

 F
b

C
I0

2.
xx

xx
.0

42
P

R
O

C
E

D
IM

E
N

T
O

 E
 R

IS
U

LT
A

T
I 2

86
14

3

@
 A

do
lfo

 Z
av

el
an

i R
os

si
, P

ol
ite

cn
ic

o 
di

 M
ila

no
, v

er
s.

27
.0

3.
13

29
.0

5.
25

A
B C

D

E

F

G

W

W

W

F

F

X
X

q

q

S
ch

em
a 

di
 c

al
co

lo
 ip

er
st

at
ic

o

0
-2

-2 -2

-1
-1

-1-1

0

3/
2

0
-1

0 0

3/2 0 0
0

M
o 

fle
ss

io
ne

 d
a 

ca
ric

hi
 a

ss
eg

na
ti

0
0

0
-1

-1
-1

-1
0

0

0

0
0 0 0

0 0 0
0

M
x 

fle
ss

io
ne

 d
a 

ip
er

st
at

ic
a 

X
=

1



CI02.xxxx.042PROCEDIMENTO E RISULTATI 286143

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 29.05.25

Quadro contributi PLV per iperstatica X=HBE

→ Mx(x) Mo(x) MxMo MxMx ∫MxMo/EJdx ∫XMxMx/EJdx

AB b 0 -2Fx 0 0
0 0

BA b 0 2Fb-2Fx 0 0

BC b -x -2Fb 2Fbx x2

Fb3/EJ 1/3Xb3/EJ
CB b b-x 2Fb 2Fb2-2Fbx b2-2bx+x2

CD b -b -Fb+1/2Fx-1/2qx2 Fb2-1/2Fbx+1/2Fx2 b2

11/12Fb3/EJ Xb3/EJ
DC b b Fb-1/2Fx+1/2qx2 Fb2-1/2Fbx+1/2Fx2 b2

DE b -b+x -Fb Fb2-Fbx b2-2bx+x2

1/2Fb3/EJ 1/3Xb3/EJ
ED b x Fb Fbx x2

EF √2b 0 3√2/4Fx 0 0 0 0

FG b 0 -Fx 0 0
0 0

GF b 0 Fb-Fx 0 0

GA b 0 0 0 0
0 0

AG b 0 0 0 0

FB b 0 3/2Fb-Fx-1/2qx2 0 0
0 0

BF b 0 -2Fx+1/2qx2 0 0

BE b 0 0 0 0
0 0

EB b 0 0 0 0

BE elongazione asta  N1BEεBELBE Fb3/EJ

totali 41/12Fb3/EJ 5/3Xb3/EJ

iperstatica X=HBE -41/20F

Sviluppi di calcolo iperstatica

CI02.xxxx.042PROCEDIMENTO E RISULTATI 286143

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 29.05.25

LXX
BC = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
CB = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
CD = ∫

o

b(1 ) b2 1/EJ dx = [ x ]
o

b
 b2 1/EJ 

        = ( b ) b2 1/EJ  =   b3/EJ

LXX
DC = ∫

o

b(1 ) b2 1/EJ dx = [ x ]
o

b
 b2 1/EJ 

        = ( b ) b2 1/EJ  =   b3/EJ

LXX
DE = ∫

o

b(1 -2 x/b + x2/b2 ) b2 1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = ( b - b +1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXX
ED = ∫

o

b( x2/b2 ) b2 1/EJ dx = [1/3 x3/b2 ]
o

b
 b2 1/EJ 

        = (1/3 b ) b2 1/EJ  = 1/3  b3/EJ

LXo
BC = ∫

o

b(2 x/b ) Fb2 1/EJ dx = [ x2/b ]
o

b
 Fb2 1/EJ 

        = ( b ) Fb2 1/EJ  =   Fb3/EJ

LXo
CB = ∫

o

b(2 -2 x/b ) Fb2 1/EJ dx = [2 x - x2/b ]
o

b
 Fb2 1/EJ 

        = (2 b - b ) Fb2 1/EJ  =   Fb3/EJ

LXo
CD = ∫

o

b(1 -1/2 x/b +1/2 x2/b2 ) Fb2 1/EJ dx = [ x -1/4 x2/b +1/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = ( b -1/4 b +1/6 b ) Fb2 1/EJ  = 11/12  Fb3/EJ

LXo
DC = ∫

o

b(1 -1/2 x/b +1/2 x2/b2 ) Fb2 1/EJ dx = [ x -1/4 x2/b +1/6 x3/b2 ]
o

b
 Fb2 1/EJ 

        = ( b -1/4 b +1/6 b ) Fb2 1/EJ  = 11/12  Fb3/EJ

LXo
DE = ∫

o

b(1 - x/b ) Fb2 1/EJ dx = [ x -1/2 x2/b ]
o

b
 Fb2 1/EJ 

        = ( b -1/2 b ) Fb2 1/EJ  = 1/2  Fb3/EJ

LXo
ED = ∫

o

b( x/b ) Fb2 1/EJ dx = [1/2 x2/b ]
o

b
 Fb2 1/EJ 

        = (1/2 b ) Fb2 1/EJ  = 1/2  Fb3/EJ
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A =  170.6 mm2

Ju =  55611. mm4

Jv =  18662. mm4

Jt =  153.6 mm4

yo = -10.75 mm
yg =  15.31 mm
N = -1060. N
Ty = -1060. N
Mx = -487600. Nmm
xm =    12. mm
ym =    41. mm
um =   -12. mm
vm =  25.69 mm
σm = N/A-Mv/Ju =   219. N/mm2

xc =    24. mm
yc =    41. mm
vc =  25.69 mm
σc = N/A-Mv/Ju =   219. N/mm2

τc = TS*/tJu =  21.16 N/mm2

τg = TS*/tJu =  21.16 N/mm2

tc =   530. mm
σo = √σ2+3τ2 =  222.1 N/mm2

t=1.8 t=1.8

t=
1

t=1.8 t=1.8

A

B

C

D

E F

mm 0 12 24 36 48x

0

41

y

σc,τc

σm

u

v
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