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Quadro contributi PLV per iperstatica X=WAB

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -1+x/b -3/2Fx-1/2qx2 0 3/2Fx-Fx2/b-1/2qx3/b 0 1-2x/b+x2/b2

(7/24+0)Fb2/EJ 1/3Xb/EJ
BA b x/b 2Fb-5/2Fx+1/2qx2 0 2Fx-5/2Fx2/b+1/2qx3/b 0 x2/b2

BC b 0 -2Fb+2Fx 0 0 0 0
0+0 0

CB b 0 2Fx 0 0 0 0

AD 2b 1 -3/4Fx+1/2qx2 0 -3/4Fx+1/2Fx2/b 0 1
(-1/6+0)Fb2/EJ 2Xb/EJ

DA 2b -1 -1/2Fb+5/4Fx-1/2qx2 0 1/2Fb-5/4Fx+1/2Fx2/b 0 1

DE b 1-x/b 1/2Fb-1/2Fx 0 1/2Fb-Fx+1/2Fx2/b 0 1-2x/b+x2/b2

(1/6+0)Fb2/EJ 1/3Xb/EJ
ED b -x/b -1/2Fx 0 1/2Fx2/b 0 x2/b2

EF b 0 0 0 0 0 0
0+0 0

FE b 0 0 0 0 0 0

FG b 0 0 -Fb/EJ 0 0 0
0+0 0

GF b 0 0 Fb/EJ 0 0 0

GC b 0 0 0 0 0 0
0+0 0

CG b 0 0 0 0 0 0

HG b 0 0 0 0 0 0
0+0 0

GH b 0 0 0 0 0 0

HB b 0 -5/4Fb+7/4Fx-1/2qx2 0 0 0 0
0+0 0

BH b 0 3/4Fx+1/2qx2 0 0 0 0

HE b 0 5/4Fb-5/4Fx 0 0 0 0
0+0 0

EH b 0 -5/4Fx 0 0 0 0

AB molla asta -W1AB(WoAB+XW1AB)/kAB 1/4Xb/EJ

totali 7/24Fb2/EJ 35/12Xb/EJ

iperstatica X=WAB -1/10Fb
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b(1 -2 x/b + x2/b2 )  1/EJ dx + 1  1  1/4  b/EJ = [ x - x2/b +1/3 x3/b2 ]
o

b
  1/EJ  + 1  1  1/4  b/EJ

        = ( b - b +1/3 b )  1/EJ  + 1  1  1/4  b/EJ = 7/12  b/EJ

LXX
BA = ∫

o

b( x2/b2 )  1/EJ dx + 1  1  1/4  b/EJ = [1/3 x3/b2 ]
o

b
  1/EJ  + 1  1  1/4  b/EJ

        = (1/3 b )  1/EJ  + 1  1  1/4  b/EJ = 7/12  b/EJ

LXX
AD = ∫

o

2b(1 )  1/EJ dx = [ x ]
o

2b
  1/EJ 

        = (2 b )  1/EJ  = 2  b/EJ

LXX
DA = ∫

o

2b(1 )  1/EJ dx = [ x ]
o

2b
  1/EJ 

        = (2 b )  1/EJ  = 2  b/EJ

LXX
DE = ∫

o

b(1 -2 x/b + x2/b2 )  1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
  1/EJ 

        = ( b - b +1/3 b )  1/EJ  = 1/3  b/EJ

LXX
ED = ∫

o

b( x2/b2 )  1/EJ dx = [1/3 x3/b2 ]
o

b
  1/EJ 

        = (1/3 b )  1/EJ  = 1/3  b/EJ

LXo
AB = ∫

o

b(3/2 x/b - x2/b2 -1/2 x3/b3 ) Fb 1/EJ dx + 1  0  1/4  Fb2/EJ

        = [3/4 x2/b -1/3 x3/b2 -1/8 x4/b3 ]
o

b
 Fb 1/EJ  + 1  0  1/4  Fb2/EJ

        = (3/4 b -1/3 b -1/8 b ) Fb 1/EJ  + 1  0  1/4  Fb2/EJ = 7/24  Fb2/EJ

LXo
BA = ∫

o

b(2 x/b -5/2 x2/b2 +1/2 x3/b3 ) Fb 1/EJ dx + 1  0  1/4  Fb2/EJ

        = [ x2/b -5/6 x3/b2 +1/8 x4/b3 ]
o

b
 Fb 1/EJ  + 1  0  1/4  Fb2/EJ

        = ( b -5/6 b +1/8 b ) Fb 1/EJ  + 1  0  1/4  Fb2/EJ = 7/24  Fb2/EJ

LXo
AD = ∫

o

2b(-3/4 x/b +1/2 x2/b2 ) Fb 1/EJ dx = [-3/8 x2/b +1/6 x3/b2 ]
o

2b
 Fb 1/EJ 

        = (-3/2 b +4/3 b ) Fb 1/EJ  = -1/6  Fb2/EJ

LXo
DA = ∫

o

2b(1/2 -5/4 x/b +1/2 x2/b2 ) Fb 1/EJ dx = [1/2 x -5/8 x2/b +1/6 x3/b2 ]
o

2b
 Fb 1/EJ 

        = ( b -5/2 b +4/3 b ) Fb 1/EJ  = -1/6  Fb2/EJ

LXo
DE = ∫

o

b(1/2 - x/b +1/2 x2/b2 ) Fb 1/EJ dx = [1/2 x -1/2 x2/b +1/6 x3/b2 ]
o

b
 Fb 1/EJ 

        = (1/2 b -1/2 b +1/6 b ) Fb 1/EJ  = 1/6  Fb2/EJ

LXo
ED = ∫

o

b(1/2 x2/b2 ) Fb 1/EJ dx = [1/6 x3/b2 ]
o

b
 Fb 1/EJ 

        = (1/6 b ) Fb 1/EJ  = 1/6  Fb2/EJ

ESΣ3.xxxx.011PROCEDIMENTO E RISULTATI 981323

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 20.01.24



ESΣ3.xxxx.025REAZIONI 982642

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 20.01.24

1/4F

33/14F
5/14Fb

1/4F

47/14F
5/2Fb

A B

5/2F
5/2Fb

5/2F

B C

1/4F

33/14F
5/14Fb

1/4F

33/14F
1/7Fb

A

D

1/4F

1/7F
1/7Fb

1/4F

1/7F

D E

E F

F

F

G

3/
2F

G

C

F

1/2F

F

1/2F

H G

3/4F

41/7F
1/4Fb

1/4F

41/7F

H

B

1/4F

89/14F
1/4Fb

1/4F

89/14F

H

E

ESΣ3.xxxx.025AZIONI INTERNE 982642

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 20.01.24

-1/4 -1/4
0

-3
3/

14

1/4 0

-1
-3

/2

1 1

41
/7

41
/7

89
/1

4

 F

-33/14 -47/14
5/2

1/
4

-1/7
0

0
0

1/2
-1/2

3/
4

-1
/4

-1
/4

 F

5/14
-5/2 -5/2

0

-5
/1

4
1/

7

1/7 0 0 0

0
0

0
0

0 0

-1
/4

0
1/

4
0

 Fb



E
S

Σ3
.x

xx
x.

02
5

P
R

O
C

E
D

IM
E

N
T

O
 E

 R
IS

U
LT

A
T

I 9
82

64
2

@
 A

do
lfo

 Z
av

el
an

i R
os

si
, P

ol
ite

cn
ic

o 
di

 M
ila

no
, v

er
s.

27
.0

3.
13

20
.0

1.
24

A
B

C

D

E

F

G
H

F F

X

X

q

q

q

S
ch

em
a 

di
 c

al
co

lo
 ip

er
st

at
ic

o

0
-5

/2
-5

/2
0

01/2

1/
2

0
0

0

0 0 0 0

0
0

-1/4
0

1/40

M
o 

fle
ss

io
ne

 d
a 

ca
ric

hi
 a

ss
eg

na
ti

-1
0

0
0

11

1
0

0
0

0 0 0 0

0
0

0 0
00

M
x 

fle
ss

io
ne

 d
a 

ip
er

st
at

ic
a 

X
=

1

E
S

Σ3
.x

xx
x.

02
5

P
R

O
C

E
D

IM
E

N
T

O
 E

 R
IS

U
LT

A
T

I 9
82

64
2

@
 A

do
lfo

 Z
av

el
an

i R
os

si
, P

ol
ite

cn
ic

o 
di

 M
ila

no
, v

er
s.

27
.0

3.
13

20
.0

1.
24



ESΣ3.xxxx.025PROCEDIMENTO E RISULTATI 982642

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 20.01.24

Quadro contributi PLV per iperstatica X=WAB

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -1+x/b -2Fx-1/2qx2 0 2Fx-3/2Fx2/b-1/2qx3/b 0 1-2x/b+x2/b2

(3/8+0)Fb2/EJ 1/3Xb/EJ
BA b x/b 5/2Fb-3Fx+1/2qx2 0 5/2Fx-3Fx2/b+1/2qx3/b 0 x2/b2

BC b 0 -5/2Fb+5/2Fx 0 0 0 0
0+0 0

CB b 0 5/2Fx 0 0 0 0

AD 2b 1 1/4Fx 0 1/4Fx 0 1
(1/2+0)Fb2/EJ 2Xb/EJ

DA 2b -1 -1/2Fb+1/4Fx 0 1/2Fb-1/4Fx 0 1

DE b 1-x/b 1/2Fb-1/2Fx 0 1/2Fb-Fx+1/2Fx2/b 0 1-2x/b+x2/b2

(1/6+0)Fb2/EJ 1/3Xb/EJ
ED b -x/b -1/2Fx 0 1/2Fx2/b 0 x2/b2

EF b 0 0 0 0 0 0
0+0 0

FE b 0 0 0 0 0 0

FG b 0 0 0 0 0 0
0+0 0

GF b 0 0 0 0 0 0

GC b 0 0 0 0 0 0
0+0 0

CG b 0 0 0 0 0 0

HG b 0 1/2Fx-1/2qx2 0 0 0 0
0+0 0

GH b 0 -1/2Fx+1/2qx2 0 0 0 0

HB b 0 -1/4Fb+3/4Fx-1/2qx2 0 0 0 0
0+0 0

BH b 0 -1/4Fx+1/2qx2 0 0 0 0

HE b 0 1/4Fb-1/4Fx -Fb/EJ 0 0 0
0+0 0

EH b 0 -1/4Fx Fb/EJ 0 0 0

AB molla asta -W1AB(WoAB+XW1AB)/kAB 1/4Xb/EJ

totali 25/24Fb2/EJ 35/12Xb/EJ

iperstatica X=WAB -5/14Fb
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b(1 -2 x/b + x2/b2 )  1/EJ dx + 1  1  1/4  b/EJ = [ x - x2/b +1/3 x3/b2 ]
o

b
  1/EJ  + 1  1  1/4  b/EJ

        = ( b - b +1/3 b )  1/EJ  + 1  1  1/4  b/EJ = 7/12  b/EJ

LXX
BA = ∫

o

b( x2/b2 )  1/EJ dx + 1  1  1/4  b/EJ = [1/3 x3/b2 ]
o

b
  1/EJ  + 1  1  1/4  b/EJ

        = (1/3 b )  1/EJ  + 1  1  1/4  b/EJ = 7/12  b/EJ

LXX
AD = ∫

o

2b(1 )  1/EJ dx = [ x ]
o

2b
  1/EJ 

        = (2 b )  1/EJ  = 2  b/EJ

LXX
DA = ∫

o

2b(1 )  1/EJ dx = [ x ]
o

2b
  1/EJ 

        = (2 b )  1/EJ  = 2  b/EJ

LXX
DE = ∫

o

b(1 -2 x/b + x2/b2 )  1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
  1/EJ 

        = ( b - b +1/3 b )  1/EJ  = 1/3  b/EJ

LXX
ED = ∫

o

b( x2/b2 )  1/EJ dx = [1/3 x3/b2 ]
o

b
  1/EJ 

        = (1/3 b )  1/EJ  = 1/3  b/EJ

LXo
AB = ∫

o

b(2 x/b -3/2 x2/b2 -1/2 x3/b3 ) Fb 1/EJ dx + 1  0  1/4  Fb2/EJ

        = [ x2/b -1/2 x3/b2 -1/8 x4/b3 ]
o

b
 Fb 1/EJ  + 1  0  1/4  Fb2/EJ

        = ( b -1/2 b -1/8 b ) Fb 1/EJ  + 1  0  1/4  Fb2/EJ = 3/8  Fb2/EJ

LXo
BA = ∫

o

b(5/2 x/b -3 x2/b2 +1/2 x3/b3 ) Fb 1/EJ dx + 1  0  1/4  Fb2/EJ

        = [5/4 x2/b - x3/b2 +1/8 x4/b3 ]
o

b
 Fb 1/EJ  + 1  0  1/4  Fb2/EJ

        = (5/4 b - b +1/8 b ) Fb 1/EJ  + 1  0  1/4  Fb2/EJ = 3/8  Fb2/EJ

LXo
AD = ∫

o

2b(1/4 x/b ) Fb 1/EJ dx = [1/8 x2/b ]
o

2b
 Fb 1/EJ 

        = (1/2 b ) Fb 1/EJ  = 1/2  Fb2/EJ

LXo
DA = ∫

o

2b(1/2 -1/4 x/b ) Fb 1/EJ dx = [1/2 x -1/8 x2/b ]
o

2b
 Fb 1/EJ 

        = ( b -1/2 b ) Fb 1/EJ  = 1/2  Fb2/EJ

LXo
DE = ∫

o

b(1/2 - x/b +1/2 x2/b2 ) Fb 1/EJ dx = [1/2 x -1/2 x2/b +1/6 x3/b2 ]
o

b
 Fb 1/EJ 

        = (1/2 b -1/2 b +1/6 b ) Fb 1/EJ  = 1/6  Fb2/EJ

LXo
ED = ∫

o

b(1/2 x2/b2 ) Fb 1/EJ dx = [1/6 x3/b2 ]
o

b
 Fb 1/EJ 

        = (1/6 b ) Fb 1/EJ  = 1/6  Fb2/EJ
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Quadro contributi PLV per iperstatica X=WAB

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -1+x/b -2Fx-1/2qx2 0 2Fx-3/2Fx2/b-1/2qx3/b 0 1-2x/b+x2/b2

(3/8+0)Fb2/EJ 1/3Xb/EJ
BA b x/b 5/2Fb-3Fx+1/2qx2 0 5/2Fx-3Fx2/b+1/2qx3/b 0 x2/b2

BC b 0 -5/2Fb+5/2Fx 0 0 0 0
0+0 0

CB b 0 5/2Fx 0 0 0 0

AD 2b 1 1/4Fx 0 1/4Fx 0 1
(1/2+0)Fb2/EJ 2Xb/EJ

DA 2b -1 -1/2Fb+1/4Fx 0 1/2Fb-1/4Fx 0 1

DE b 1-x/b 1/2Fb-1/2Fx 0 1/2Fb-Fx+1/2Fx2/b 0 1-2x/b+x2/b2

(1/6+0)Fb2/EJ 1/3Xb/EJ
ED b -x/b -1/2Fx 0 1/2Fx2/b 0 x2/b2

EF b 0 0 0 0 0 0
0+0 0

FE b 0 0 0 0 0 0

FG b 0 -1/2Fx 0 0 0 0
0+0 0

GF b 0 1/2Fb-1/2Fx 0 0 0 0

GC b 0 -1/2Fb+Fx-1/2qx2 0 0 0 0
0+0 0

CG b 0 1/2qx2 0 0 0 0

HG b 0 1/2Fx-1/2qx2 0 0 0 0
0+0 0

GH b 0 -1/2Fx+1/2qx2 0 0 0 0

HB b 0 1/4Fb-1/4Fx -Fb/EJ 0 0 0
0+0 0

BH b 0 -1/4Fx Fb/EJ 0 0 0

HE b 0 -1/4Fb+1/4Fx 0 0 0 0
0+0 0

EH b 0 1/4Fx 0 0 0 0

AB molla asta -W1AB(WoAB+XW1AB)/kAB 1/4Xb/EJ

totali 25/24Fb2/EJ 35/12Xb/EJ

iperstatica X=WAB -5/14Fb

ESΣ3.xxxx.066PROCEDIMENTO E RISULTATI 982777

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 20.01.24

Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b(1 -2 x/b + x2/b2 )  1/EJ dx + 1  1  1/4  b/EJ = [ x - x2/b +1/3 x3/b2 ]
o

b
  1/EJ  + 1  1  1/4  b/EJ

        = ( b - b +1/3 b )  1/EJ  + 1  1  1/4  b/EJ = 7/12  b/EJ

LXX
BA = ∫

o

b( x2/b2 )  1/EJ dx + 1  1  1/4  b/EJ = [1/3 x3/b2 ]
o

b
  1/EJ  + 1  1  1/4  b/EJ

        = (1/3 b )  1/EJ  + 1  1  1/4  b/EJ = 7/12  b/EJ

LXX
AD = ∫

o

2b(1 )  1/EJ dx = [ x ]
o

2b
  1/EJ 

        = (2 b )  1/EJ  = 2  b/EJ

LXX
DA = ∫

o

2b(1 )  1/EJ dx = [ x ]
o

2b
  1/EJ 

        = (2 b )  1/EJ  = 2  b/EJ

LXX
DE = ∫

o

b(1 -2 x/b + x2/b2 )  1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
  1/EJ 

        = ( b - b +1/3 b )  1/EJ  = 1/3  b/EJ

LXX
ED = ∫

o

b( x2/b2 )  1/EJ dx = [1/3 x3/b2 ]
o

b
  1/EJ 

        = (1/3 b )  1/EJ  = 1/3  b/EJ

LXo
AB = ∫

o

b(2 x/b -3/2 x2/b2 -1/2 x3/b3 ) Fb 1/EJ dx + 1  0  1/4  Fb2/EJ

        = [ x2/b -1/2 x3/b2 -1/8 x4/b3 ]
o

b
 Fb 1/EJ  + 1  0  1/4  Fb2/EJ

        = ( b -1/2 b -1/8 b ) Fb 1/EJ  + 1  0  1/4  Fb2/EJ = 3/8  Fb2/EJ

LXo
BA = ∫

o

b(5/2 x/b -3 x2/b2 +1/2 x3/b3 ) Fb 1/EJ dx + 1  0  1/4  Fb2/EJ

        = [5/4 x2/b - x3/b2 +1/8 x4/b3 ]
o

b
 Fb 1/EJ  + 1  0  1/4  Fb2/EJ

        = (5/4 b - b +1/8 b ) Fb 1/EJ  + 1  0  1/4  Fb2/EJ = 3/8  Fb2/EJ

LXo
AD = ∫

o

2b(1/4 x/b ) Fb 1/EJ dx = [1/8 x2/b ]
o

2b
 Fb 1/EJ 

        = (1/2 b ) Fb 1/EJ  = 1/2  Fb2/EJ

LXo
DA = ∫

o

2b(1/2 -1/4 x/b ) Fb 1/EJ dx = [1/2 x -1/8 x2/b ]
o

2b
 Fb 1/EJ 

        = ( b -1/2 b ) Fb 1/EJ  = 1/2  Fb2/EJ

LXo
DE = ∫

o

b(1/2 - x/b +1/2 x2/b2 ) Fb 1/EJ dx = [1/2 x -1/2 x2/b +1/6 x3/b2 ]
o

b
 Fb 1/EJ 

        = (1/2 b -1/2 b +1/6 b ) Fb 1/EJ  = 1/6  Fb2/EJ

LXo
ED = ∫

o

b(1/2 x2/b2 ) Fb 1/EJ dx = [1/6 x3/b2 ]
o

b
 Fb 1/EJ 

        = (1/6 b ) Fb 1/EJ  = 1/6  Fb2/EJ

ESΣ3.xxxx.066PROCEDIMENTO E RISULTATI 982777

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 20.01.24
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Quadro contributi PLV per iperstatica X=WAB

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -1+x/b -2Fx-1/2qx2 0 2Fx-3/2Fx2/b-1/2qx3/b 0 1-2x/b+x2/b2

(3/8+0)Fb2/EJ 1/3Xb/EJ
BA b x/b 5/2Fb-3Fx+1/2qx2 0 5/2Fx-3Fx2/b+1/2qx3/b 0 x2/b2

BC b 0 -5/2Fb+5/2Fx 0 0 0 0
0+0 0

CB b 0 5/2Fx 0 0 0 0

AD 2b 1 1/4Fx 0 1/4Fx 0 1
(1/2+0)Fb2/EJ 2Xb/EJ

DA 2b -1 -1/2Fb+1/4Fx 0 1/2Fb-1/4Fx 0 1

DE b 1-x/b 1/2Fb-1/2Fx 0 1/2Fb-Fx+1/2Fx2/b 0 1-2x/b+x2/b2

(1/6+0)Fb2/EJ 1/3Xb/EJ
ED b -x/b -1/2Fx 0 1/2Fx2/b 0 x2/b2

EF b 0 0 0 0 0 0
0+0 0

FE b 0 0 0 0 0 0

FG b 0 -1/2Fx 0 0 0 0
0+0 0

GF b 0 1/2Fb-1/2Fx 0 0 0 0

GC b 0 -1/2Fb+Fx-1/2qx2 -Fb/EJ 0 0 0
0+0 0

CG b 0 1/2qx2 Fb/EJ 0 0 0

HG b 0 1/2Fx-1/2qx2 0 0 0 0
0+0 0

GH b 0 -1/2Fx+1/2qx2 0 0 0 0

HB b 0 1/4Fb-1/4Fx 0 0 0 0
0+0 0

BH b 0 -1/4Fx 0 0 0 0

HE b 0 -1/4Fb+1/4Fx 0 0 0 0
0+0 0

EH b 0 1/4Fx 0 0 0 0

AB molla asta -W1AB(WoAB+XW1AB)/kAB 1/4Xb/EJ

totali 25/24Fb2/EJ 35/12Xb/EJ

iperstatica X=WAB -5/14Fb

ESΣ3.xxxx.067PROCEDIMENTO E RISULTATI 981482

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 20.01.24

Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b(1 -2 x/b + x2/b2 )  1/EJ dx + 1  1  1/4  b/EJ = [ x - x2/b +1/3 x3/b2 ]
o

b
  1/EJ  + 1  1  1/4  b/EJ

        = ( b - b +1/3 b )  1/EJ  + 1  1  1/4  b/EJ = 7/12  b/EJ

LXX
BA = ∫

o

b( x2/b2 )  1/EJ dx + 1  1  1/4  b/EJ = [1/3 x3/b2 ]
o

b
  1/EJ  + 1  1  1/4  b/EJ

        = (1/3 b )  1/EJ  + 1  1  1/4  b/EJ = 7/12  b/EJ

LXX
AD = ∫

o

2b(1 )  1/EJ dx = [ x ]
o

2b
  1/EJ 

        = (2 b )  1/EJ  = 2  b/EJ

LXX
DA = ∫

o

2b(1 )  1/EJ dx = [ x ]
o

2b
  1/EJ 

        = (2 b )  1/EJ  = 2  b/EJ

LXX
DE = ∫

o

b(1 -2 x/b + x2/b2 )  1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
  1/EJ 

        = ( b - b +1/3 b )  1/EJ  = 1/3  b/EJ

LXX
ED = ∫

o

b( x2/b2 )  1/EJ dx = [1/3 x3/b2 ]
o

b
  1/EJ 

        = (1/3 b )  1/EJ  = 1/3  b/EJ

LXo
AB = ∫

o

b(2 x/b -3/2 x2/b2 -1/2 x3/b3 ) Fb 1/EJ dx + 1  0  1/4  Fb2/EJ

        = [ x2/b -1/2 x3/b2 -1/8 x4/b3 ]
o

b
 Fb 1/EJ  + 1  0  1/4  Fb2/EJ

        = ( b -1/2 b -1/8 b ) Fb 1/EJ  + 1  0  1/4  Fb2/EJ = 3/8  Fb2/EJ

LXo
BA = ∫

o

b(5/2 x/b -3 x2/b2 +1/2 x3/b3 ) Fb 1/EJ dx + 1  0  1/4  Fb2/EJ

        = [5/4 x2/b - x3/b2 +1/8 x4/b3 ]
o

b
 Fb 1/EJ  + 1  0  1/4  Fb2/EJ

        = (5/4 b - b +1/8 b ) Fb 1/EJ  + 1  0  1/4  Fb2/EJ = 3/8  Fb2/EJ

LXo
AD = ∫

o

2b(1/4 x/b ) Fb 1/EJ dx = [1/8 x2/b ]
o

2b
 Fb 1/EJ 

        = (1/2 b ) Fb 1/EJ  = 1/2  Fb2/EJ

LXo
DA = ∫

o

2b(1/2 -1/4 x/b ) Fb 1/EJ dx = [1/2 x -1/8 x2/b ]
o

2b
 Fb 1/EJ 

        = ( b -1/2 b ) Fb 1/EJ  = 1/2  Fb2/EJ

LXo
DE = ∫

o

b(1/2 - x/b +1/2 x2/b2 ) Fb 1/EJ dx = [1/2 x -1/2 x2/b +1/6 x3/b2 ]
o

b
 Fb 1/EJ 

        = (1/2 b -1/2 b +1/6 b ) Fb 1/EJ  = 1/6  Fb2/EJ

LXo
ED = ∫

o

b(1/2 x2/b2 ) Fb 1/EJ dx = [1/6 x3/b2 ]
o

b
 Fb 1/EJ 

        = (1/6 b ) Fb 1/EJ  = 1/6  Fb2/EJ

ESΣ3.xxxx.067PROCEDIMENTO E RISULTATI 981482

@ Adolfo Zavelani Rossi, Politecnico di Milano, vers.27.03.13 20.01.24
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Quadro contributi PLV per iperstatica X=WAB

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -1+x/b -3/2Fx-1/2qx2 0 3/2Fx-Fx2/b-1/2qx3/b 0 1-2x/b+x2/b2

(7/24+0)Fb2/EJ 1/3Xb/EJ
BA b x/b 2Fb-5/2Fx+1/2qx2 0 2Fx-5/2Fx2/b+1/2qx3/b 0 x2/b2

BC b 0 -2Fb+2Fx 0 0 0 0
0+0 0

CB b 0 2Fx 0 0 0 0

AD 2b 1 -3/4Fx+1/2qx2 0 -3/4Fx+1/2Fx2/b 0 1
(-1/6+0)Fb2/EJ 2Xb/EJ

DA 2b -1 -1/2Fb+5/4Fx-1/2qx2 0 1/2Fb-5/4Fx+1/2Fx2/b 0 1

DE b 1-x/b 1/2Fb-1/2Fx -Fb/EJ 1/2Fb-Fx+1/2Fx2/b -Fb/EJ+Fx/EJ 1-2x/b+x2/b2

(1/6-1/2)Fb2/EJ 1/3Xb/EJ
ED b -x/b -1/2Fx Fb/EJ 1/2Fx2/b -Fx/EJ x2/b2

EF b 0 0 0 0 0 0
0+0 0

FE b 0 0 0 0 0 0

FG b 0 -1/2Fx 0 0 0 0
0+0 0

GF b 0 1/2Fb-1/2Fx 0 0 0 0

GC b 0 -1/2Fb+Fx-1/2qx2 0 0 0 0
0+0 0

CG b 0 1/2qx2 0 0 0 0

HG b 0 0 0 0 0 0
0+0 0

GH b 0 0 0 0 0 0

HB b 0 -3/4Fb+3/4Fx 0 0 0 0
0+0 0

BH b 0 3/4Fx 0 0 0 0

HE b 0 3/4Fb-3/4Fx 0 0 0 0
0+0 0

EH b 0 -3/4Fx 0 0 0 0

AB molla asta -W1AB(WoAB+XW1AB)/kAB 1/4Xb/EJ

totali -5/24Fb2/EJ 35/12Xb/EJ

iperstatica X=WAB 1/14Fb

ESΣ3.xxxx.111PROCEDIMENTO E RISULTATI 983213
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b(1 -2 x/b + x2/b2 )  1/EJ dx + 1  1  1/4  b/EJ = [ x - x2/b +1/3 x3/b2 ]
o

b
  1/EJ  + 1  1  1/4  b/EJ

        = ( b - b +1/3 b )  1/EJ  + 1  1  1/4  b/EJ = 7/12  b/EJ

LXX
BA = ∫

o

b( x2/b2 )  1/EJ dx + 1  1  1/4  b/EJ = [1/3 x3/b2 ]
o

b
  1/EJ  + 1  1  1/4  b/EJ

        = (1/3 b )  1/EJ  + 1  1  1/4  b/EJ = 7/12  b/EJ

LXX
AD = ∫

o

2b(1 )  1/EJ dx = [ x ]
o

2b
  1/EJ 

        = (2 b )  1/EJ  = 2  b/EJ

LXX
DA = ∫

o

2b(1 )  1/EJ dx = [ x ]
o

2b
  1/EJ 

        = (2 b )  1/EJ  = 2  b/EJ

LXX
DE = ∫

o

b(1 -2 x/b + x2/b2 )  1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
  1/EJ 

        = ( b - b +1/3 b )  1/EJ  = 1/3  b/EJ

LXX
ED = ∫

o

b( x2/b2 )  1/EJ dx = [1/3 x3/b2 ]
o

b
  1/EJ 

        = (1/3 b )  1/EJ  = 1/3  b/EJ

LXo
AB = ∫

o

b(3/2 x/b - x2/b2 -1/2 x3/b3 ) Fb 1/EJ dx + 1  0  1/4  Fb2/EJ

        = [3/4 x2/b -1/3 x3/b2 -1/8 x4/b3 ]
o

b
 Fb 1/EJ  + 1  0  1/4  Fb2/EJ

        = (3/4 b -1/3 b -1/8 b ) Fb 1/EJ  + 1  0  1/4  Fb2/EJ = 7/24  Fb2/EJ

LXo
BA = ∫

o

b(2 x/b -5/2 x2/b2 +1/2 x3/b3 ) Fb 1/EJ dx + 1  0  1/4  Fb2/EJ

        = [ x2/b -5/6 x3/b2 +1/8 x4/b3 ]
o

b
 Fb 1/EJ  + 1  0  1/4  Fb2/EJ

        = ( b -5/6 b +1/8 b ) Fb 1/EJ  + 1  0  1/4  Fb2/EJ = 7/24  Fb2/EJ

LXo
AD = ∫

o

2b(-3/4 x/b +1/2 x2/b2 ) Fb 1/EJ dx = [-3/8 x2/b +1/6 x3/b2 ]
o

2b
 Fb 1/EJ 

        = (-3/2 b +4/3 b ) Fb 1/EJ  = -1/6  Fb2/EJ

LXo
DA = ∫

o

2b(1/2 -5/4 x/b +1/2 x2/b2 ) Fb 1/EJ dx = [1/2 x -5/8 x2/b +1/6 x3/b2 ]
o

2b
 Fb 1/EJ 

        = ( b -5/2 b +4/3 b ) Fb 1/EJ  = -1/6  Fb2/EJ

LXo
DE = ∫

o

b(1/2 - x/b +1/2 x2/b2 ) Fb 1/EJ dx +  ∫
o

b(-1 + x/b ) θ  dx

        = [1/2 x -1/2 x2/b +1/6 x3/b2 ]
o

b
 Fb 1/EJ  + [- x +1/2 x2/b ]

o

b
 θ  

        = (1/2 b -1/2 b +1/6 b ) Fb 1/EJ  + (- b +1/2 b ) θ   = -1/3  Fb2/EJ

LXo
ED = ∫

o

b(1/2 x2/b2 ) Fb 1/EJ dx +  ∫
o

b( x/b ) θ  dx = [1/6 x3/b2 ]
o

b
 Fb 1/EJ  + [1/2 x2/b ]

o

b
 θ  

        = (1/6 b ) Fb 1/EJ  + (1/2 b ) θ   = -1/3  Fb2/EJ
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Quadro contributi PLV per iperstatica X=WAB

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -1+x/b -3/2Fx-1/2qx2 0 3/2Fx-Fx2/b-1/2qx3/b 0 1-2x/b+x2/b2

(7/24+0)Fb2/EJ 1/3Xb/EJ
BA b x/b 2Fb-5/2Fx+1/2qx2 0 2Fx-5/2Fx2/b+1/2qx3/b 0 x2/b2

BC b 0 -2Fb+2Fx 0 0 0 0
0+0 0

CB b 0 2Fx 0 0 0 0

AD 2b 1 -5/4Fx+1/2qx2 0 -5/4Fx+1/2Fx2/b 0 1
(-7/6+0)Fb2/EJ 2Xb/EJ

DA 2b -1 1/2Fb+3/4Fx-1/2qx2 0 -1/2Fb-3/4Fx+1/2Fx2/b 0 1

DE b 1-x/b -1/2Fb+1/2Fx 0 -1/2Fb+Fx-1/2Fx2/b 0 1-2x/b+x2/b2

(-1/6+0)Fb2/EJ 1/3Xb/EJ
ED b -x/b 1/2Fx 0 -1/2Fx2/b 0 x2/b2

EF b 0 0 0 0 0 0
0+0 0

FE b 0 0 0 0 0 0

FG b 0 1/2Fx-1/2qx2 0 0 0 0
0+0 0

GF b 0 -1/2Fx+1/2qx2 0 0 0 0

GC b 0 0 -Fb/EJ 0 0 0
0+0 0

CG b 0 0 Fb/EJ 0 0 0

HG b 0 0 0 0 0 0
0+0 0

GH b 0 0 0 0 0 0

HB b 0 -5/4Fb+5/4Fx 0 0 0 0
0+0 0

BH b 0 5/4Fx 0 0 0 0

HE b 0 5/4Fb-5/4Fx 0 0 0 0
0+0 0

EH b 0 -5/4Fx 0 0 0 0

AB molla asta -W1AB(WoAB+XW1AB)/kAB 1/4Xb/EJ

totali -25/24Fb2/EJ 35/12Xb/EJ

iperstatica X=WAB 5/14Fb
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b(1 -2 x/b + x2/b2 )  1/EJ dx + 1  1  1/4  b/EJ = [ x - x2/b +1/3 x3/b2 ]
o

b
  1/EJ  + 1  1  1/4  b/EJ

        = ( b - b +1/3 b )  1/EJ  + 1  1  1/4  b/EJ = 7/12  b/EJ

LXX
BA = ∫

o

b( x2/b2 )  1/EJ dx + 1  1  1/4  b/EJ = [1/3 x3/b2 ]
o

b
  1/EJ  + 1  1  1/4  b/EJ

        = (1/3 b )  1/EJ  + 1  1  1/4  b/EJ = 7/12  b/EJ

LXX
AD = ∫

o

2b(1 )  1/EJ dx = [ x ]
o

2b
  1/EJ 

        = (2 b )  1/EJ  = 2  b/EJ

LXX
DA = ∫

o

2b(1 )  1/EJ dx = [ x ]
o

2b
  1/EJ 

        = (2 b )  1/EJ  = 2  b/EJ

LXX
DE = ∫

o

b(1 -2 x/b + x2/b2 )  1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
  1/EJ 

        = ( b - b +1/3 b )  1/EJ  = 1/3  b/EJ

LXX
ED = ∫

o

b( x2/b2 )  1/EJ dx = [1/3 x3/b2 ]
o

b
  1/EJ 

        = (1/3 b )  1/EJ  = 1/3  b/EJ

LXo
AB = ∫

o

b(3/2 x/b - x2/b2 -1/2 x3/b3 ) Fb 1/EJ dx + 1  0  1/4  Fb2/EJ

        = [3/4 x2/b -1/3 x3/b2 -1/8 x4/b3 ]
o

b
 Fb 1/EJ  + 1  0  1/4  Fb2/EJ

        = (3/4 b -1/3 b -1/8 b ) Fb 1/EJ  + 1  0  1/4  Fb2/EJ = 7/24  Fb2/EJ

LXo
BA = ∫

o

b(2 x/b -5/2 x2/b2 +1/2 x3/b3 ) Fb 1/EJ dx + 1  0  1/4  Fb2/EJ

        = [ x2/b -5/6 x3/b2 +1/8 x4/b3 ]
o

b
 Fb 1/EJ  + 1  0  1/4  Fb2/EJ

        = ( b -5/6 b +1/8 b ) Fb 1/EJ  + 1  0  1/4  Fb2/EJ = 7/24  Fb2/EJ

LXo
AD = ∫

o

2b(-5/4 x/b +1/2 x2/b2 ) Fb 1/EJ dx = [-5/8 x2/b +1/6 x3/b2 ]
o

2b
 Fb 1/EJ 

        = (-5/2 b +4/3 b ) Fb 1/EJ  = -7/6  Fb2/EJ

LXo
DA = ∫

o

2b(-1/2 -3/4 x/b +1/2 x2/b2 ) Fb 1/EJ dx = [-1/2 x -3/8 x2/b +1/6 x3/b2 ]
o

2b
 Fb 1/EJ 

        = (- b -3/2 b +4/3 b ) Fb 1/EJ  = -7/6  Fb2/EJ

LXo
DE = ∫

o

b(-1/2 + x/b -1/2 x2/b2 ) Fb 1/EJ dx = [-1/2 x +1/2 x2/b -1/6 x3/b2 ]
o

b
 Fb 1/EJ 

        = (-1/2 b +1/2 b -1/6 b ) Fb 1/EJ  = -1/6  Fb2/EJ

LXo
ED = ∫

o

b(-1/2 x2/b2 ) Fb 1/EJ dx = [-1/6 x3/b2 ]
o

b
 Fb 1/EJ 

        = (-1/6 b ) Fb 1/EJ  = -1/6  Fb2/EJ
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Quadro contributi PLV per iperstatica X=WAB

→ Mx(x) Mo(x) θ MxMo Mxθ MxMx ∫Mx(Mo/EJ+θ)dx ∫XMxMx/EJdx

AB b -1+x/b -2Fx-1/2qx2 0 2Fx-3/2Fx2/b-1/2qx3/b 0 1-2x/b+x2/b2

(3/8+0)Fb2/EJ 1/3Xb/EJ
BA b x/b 5/2Fb-3Fx+1/2qx2 0 5/2Fx-3Fx2/b+1/2qx3/b 0 x2/b2

BC b 0 -5/2Fb+5/2Fx 0 0 0 0
0+0 0

CB b 0 5/2Fx 0 0 0 0

AD 2b 1 0 0 0 0 1
0+0 2Xb/EJ

DA 2b -1 0 0 0 0 1

DE b 1-x/b -1/2Fx 0 -1/2Fx+1/2Fx2/b 0 1-2x/b+x2/b2

(-1/12+0)Fb2/EJ 1/3Xb/EJ
ED b -x/b 1/2Fb-1/2Fx 0 -1/2Fx+1/2Fx2/b 0 x2/b2

EF b 0 -1/2Fb+Fx-1/2qx2 0 0 0 0
0+0 0

FE b 0 1/2qx2 0 0 0 0

FG b 0 0 0 0 0 0
0+0 0

GF b 0 0 0 0 0 0

GC b 0 0 0 0 0 0
0+0 0

CG b 0 0 0 0 0 0

HG b 0 1/2Fx-1/2qx2 -Fb/EJ 0 0 0
0+0 0

GH b 0 -1/2Fx+1/2qx2 Fb/EJ 0 0 0

HB b 0 0 0 0 0 0
0+0 0

BH b 0 0 0 0 0 0

HE b 0 0 0 0 0 0
0+0 0

EH b 0 0 0 0 0 0

AB molla asta -W1AB(WoAB+XW1AB)/kAB 1/4Xb/EJ

totali 7/24Fb2/EJ 35/12Xb/EJ

iperstatica X=WAB -1/10Fb
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Sviluppi di calcolo iperstatica
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LXX
AB = ∫

o

b(1 -2 x/b + x2/b2 )  1/EJ dx + 1  1  1/4  b/EJ = [ x - x2/b +1/3 x3/b2 ]
o

b
  1/EJ  + 1  1  1/4  b/EJ

        = ( b - b +1/3 b )  1/EJ  + 1  1  1/4  b/EJ = 7/12  b/EJ

LXX
BA = ∫

o

b( x2/b2 )  1/EJ dx + 1  1  1/4  b/EJ = [1/3 x3/b2 ]
o

b
  1/EJ  + 1  1  1/4  b/EJ

        = (1/3 b )  1/EJ  + 1  1  1/4  b/EJ = 7/12  b/EJ

LXX
AD = ∫

o

2b(1 )  1/EJ dx = [ x ]
o

2b
  1/EJ 

        = (2 b )  1/EJ  = 2  b/EJ

LXX
DA = ∫

o

2b(1 )  1/EJ dx = [ x ]
o

2b
  1/EJ 

        = (2 b )  1/EJ  = 2  b/EJ

LXX
DE = ∫

o

b(1 -2 x/b + x2/b2 )  1/EJ dx = [ x - x2/b +1/3 x3/b2 ]
o

b
  1/EJ 

        = ( b - b +1/3 b )  1/EJ  = 1/3  b/EJ

LXX
ED = ∫

o

b( x2/b2 )  1/EJ dx = [1/3 x3/b2 ]
o

b
  1/EJ 

        = (1/3 b )  1/EJ  = 1/3  b/EJ

LXo
AB = ∫

o

b(2 x/b -3/2 x2/b2 -1/2 x3/b3 ) Fb 1/EJ dx + 1  0  1/4  Fb2/EJ

        = [ x2/b -1/2 x3/b2 -1/8 x4/b3 ]
o

b
 Fb 1/EJ  + 1  0  1/4  Fb2/EJ

        = ( b -1/2 b -1/8 b ) Fb 1/EJ  + 1  0  1/4  Fb2/EJ = 3/8  Fb2/EJ

LXo
BA = ∫

o

b(5/2 x/b -3 x2/b2 +1/2 x3/b3 ) Fb 1/EJ dx + 1  0  1/4  Fb2/EJ

        = [5/4 x2/b - x3/b2 +1/8 x4/b3 ]
o

b
 Fb 1/EJ  + 1  0  1/4  Fb2/EJ

        = (5/4 b - b +1/8 b ) Fb 1/EJ  + 1  0  1/4  Fb2/EJ = 3/8  Fb2/EJ

LXo
DE = ∫

o

b(-1/2 x/b +1/2 x2/b2 ) Fb 1/EJ dx = [-1/4 x2/b +1/6 x3/b2 ]
o

b
 Fb 1/EJ 

        = (-1/4 b +1/6 b ) Fb 1/EJ  = -1/12  Fb2/EJ

LXo
ED = ∫

o

b(-1/2 x/b +1/2 x2/b2 ) Fb 1/EJ dx = [-1/4 x2/b +1/6 x3/b2 ]
o

b
 Fb 1/EJ 

        = (-1/4 b +1/6 b ) Fb 1/EJ  = -1/12  Fb2/EJ
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